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A PARADIFFERENTIAL REDUCTION FOR THE 
GRAVITY-CAPILLARY WAVES SYSTEM AT LOW 
REGULARITY AND APPLICATIONS 

Thibault de Poyferre & Quang-Huy Nguyen 


Abstract. — We consider in this article the system of gravity-capillary waves 
in all dimensions and under the Zakharov/Craig-Sulem formulation. Using a 
paradifferential approach introduced by Alazard-Burq-Zuily, we symmetrize 
this system into a quasilinear dispersive equation whose principal part is of 
order 3/2. The main novelty, compared to earlier studies, is that this reduction 
is performed at the Sobolev regularity of quasilinear pdes: with s > 

3/2 -I- d/2, d being the dimension of the free surface. 

From this reduction, we deduce a blow-up criterion involving solely the 

_5 I 

Lipschitz norm of the velocity trace and the C^^-norm of the free surface. 
Moreover, we obtain an a priori estimate in the Jf®-norm and the contraction 
of the solution map in the Jf®“ 2 -norm using the control of a Strichartz norm. 
These results have been applied in establishing a local well-posedness theory 
for non-Lipschitz initial velocity in our companion paper [ 23 ]. 
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1. Introduction 

We consider the system of gravity-capillary waves describing the motion of 
a fluid interface under the effect of both gravity and surface tension. From the 
well-posedness result in Sobolev spaces of Yosihara [56] (see also Wu [50, 51] 
for pure gravity waves) it is known that the system is quasilinear in nature. 
In the more recent work [1], Alazard-Burq-Zuily showed explicitly this quasi¬ 
linearity by using a paradifferential approach (see Appendix 6 ) to symmetrize 
the system into the following paradifferential equation 

(1-1) {dt + Tv(t,x) ■ V + ir^p,a:,o)n(t,3:) = f{t,x) 

where V is the horizontal component of the trace of the velocity field on the free 
surface, 7 is an elliptic symbol of order 3/2, depending only on the free surface. 
In other words, the transport part comes from the fluid and the dispersive part 
comes from the free boundary. The reduction (1.1) was implemented for 

( 1 . 2 ) s > 2 -|--, 

d being the dimension of the free surface. It has many consequences, among 
them are the local well-posedness and smoothing effect in [1], Strichartz esti¬ 
mates in [2]. As remarked in [1], s > 2 -|- d/2 is the minimal Sobolev index (in 
term of Sobolev’s embedding) to ensure that the velocity filed is Lipschitz up to 
the boundary, without taking into account the dispersive property. From the 
works of Alazard-Burq-Zuily [3, 5], Hunter-Ifrim-Tataru [28] for pure gravity 
waves, it seems natural to require that the velocity is Lipschitz so that the 
particles flow is well-defined, in view of the Cauchy-Lipschitz theorem. On the 
other hand, from the standard theory of quasilinear pdes, it is natural to ask 
if the reduction (1.1) holds at the Sobolev threshold s > 3/2 + d/2 and then, 
if a local-wellposedness theory holds at the same level of regularity? The two 
observations above motivate us to study the gravity-capillary system at the 
following regularity level: 

(1.3) uei\::=LrmnL/w^’^ Withs>^ + ^, 

which exhibits a gap of 1/2 derivative that may be filled up by Strichartz es¬ 
timates. (1.13) means that on the one hand, the Sobolev regularity is that 
of quasilinear equations of order 3/2; on the other hand, the Lf/Wx°^-norm. 
ensures that the velocity is still Lipschitz for a.e. t € [0,1"] (which is the 
threshold (1.2) after applying Sobolev’s embedding). 

By sharpening the analysis in [1], we shall perform the reduction (1.1) as¬ 
suming merely the regularity A of the solution. In order to do so, the main 
difficulty, compared to [1], is that further studies of the Dirichlet-Neumann 
operator in Besov spaces are demanded. Moreover, we have to keep all the 
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estimates in the analysis to be tame, i.e., linear with respect to the highest 
norm which is the Holder norm in this case. 

From this reduction, we deduce several consequences. The first one will be an 
a priori estimate for the Sobolev norm using in addition the Strichartz 

norm (see Theorem 1.1 below for an exact statement). This is an 

expected result, which follows the pattern established for other quasilinear 
equations. However, for water waves, it requires much more care due to the 
fact that the system is nonlocal and highly nonlinear. This problem has been 
addressed by Alazard-Burq-Zuily [5] for pure gravity water waves. In the case 
with surface tension, though the regularity level is higher, it requires a more 
precise analysis of the Dirichlet-Neumann operator in that lower order terms in 
the expansion of this operator need to be taken into consideration (se Propo¬ 
sition 3.6 below). 

Another consequence will be a blow-up criterion (see Theorem 1.3), which im¬ 
plies that the solution can be continued as long as the A-norm of u remained 
bounded (at least in the infinite depth case) with p = 1, i.e., merely integrable 
in time. It also implies that, starting from a smooth datum, the solution re¬ 
mains smooth provided its C'^'’'-norm is bounded in time. 

For more precise discussions, let us recall the Zakharov/Craig-Sulem formu¬ 
lation of water waves. 

1.1. The Zakharov/Craig-Sulem formulation. — We consider an in¬ 
compressible, irrotational, inviscid fluid with unit density moving in a time- 
dependent domain 

H = {{t,x,y) G [0,T] X R'^ x R : (x,y) G Qt} 
where each is a domain located underneath a free surface 

= {ix,y) G R'^ X R : y = 'n{t,x)} 

and above a fixed bottom F = d^lt \ We make the following separation 
assumption (Ht) on the domain at time t: 

Qt is the intersection of the half space 

Hpi = {(x, y) G R'^ X R : y < r]{t, x)} 

and an open connected set O containing a fixed strip around T,t, i.e., there 
exists h > 0 such that 

(1.4) {(x, y) G R'^ X R : y(x) — h <y < rj{t, x)} C O. 

The velocity field v admits a harmonic potential H —)■ R, i.e., u = V(/> 
and A(p = 0. Using the idea of Zakharov, we introduce the trace of (p on the 
free surface 


i/(t,x) = (j){t,x,r]{t,x)). 
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Then <p{t,x,y) is the unique variational solution to the problem 
(1.5) A(() = 0 in Oi, (p{t,x,r]{t,x)) =dn4>{t)\r = 0. 

The Dirichlet-Neumann operator is then defined by 


( 1 . 6 ) 


G{v)^ = Vl + lV.r/PI 


= {dy(j)){t,x,r]{t,x)) - Vxr]{t,x) ■ {Vx(p)it,x,r]{t,x)). 


The gravity-capillary water waves problem with surface tension consists in 
solving the following so-called Zakharov-Craig-Sulem system of (r/, tp) 

dtT] = G{7f)'lp, 


(1.7) 


8,^ = -m - H(r,) - i| V.v-P + 


l + |V,r ?|2 

Here, H{ini) denotes the mean curvature of the free surface: 

Vry 


if(r?) = -divf^=^=). 

Vv^l + |Vr/|2/ 


+ |Vr/| 2 . 

The vertical and horizontal components of the velocity on S can be expressed 
in terms of y and ip as 

(1.8) B = {Vy)\T. = - ^ ^|2 - > V = {Vcc)\J^ = V^^p- BVccV- 

As observed by Zakharov (see [58] and the references therein), (1.7) has a 
Hamiltonian canonical Hamiltonian structure 

drj 5% dip ST-L 

dt dip' dt 6ri' 

where the Hamiltonian Ti is the total energy given by 

(1.9) = X / 'ipG{vi)'ip dx + ^ f rj^dx+ f (i/l -h jVr/p - l)dx. 

^ jRd 2 J^d J^d 


1.2. Main results. — The Cauchy problem has been extensively studied, 
for example in Nalimov [39], Yosihara [56], Coutand- Shkoller [18], Craig 
[19], Shatah-Zeng [40, 41, 42], Ming-Zhang [38], Cannes [34]: for sufficiently 
smooth solutions and Alazard-Burq-Zuily [1] for solutions at the energy thresh¬ 
old. See also Craig [19], Wu [50, 51], Cannes [33] for the studies on grav¬ 
ity waves. Observe that the linearized system of (1.7) about the rest state 
(r/ = 0, ^ = 0) (modulo a lower order term, taking <7 = 0) reads 

idtr] - = 0 , 

I dtp} — Ar] = 0 . 
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Put $ = l-Dxh ?? + *1/^) this becomes 

(1.10) dt^ + i\Dx\^^ = Q. 

Therefore, it is natural to study (1.7) at the following algebraic scaling 

(7/,V') G 77®+5(R'^) X R"(R‘^). 

From the formula (1.8) for the velocity trace, we have that the Lipschitz 
threshold in [1] corresponds to s > 2 + d/2. On the other hand, the threshold 
s > 2>/2 + d/2 suggested by the quasilinear nature (1.1) is also the minimal 
Sobolev index to ensure that the mean curvature H[rj] is bounded. The question 
we are concerned with is the following: 

(Q) Is the Cauchy problem for (1.7) solvable for initial data 

(1.11) (r?o,i/^o)€R^+^ xR^ + 

Assume now that 

(1.12) (r/,V') € (^[0,r];R"+5 x FC) n (^[0, T]; x 

with 

(1.13) + 

is a solution with prescribed data as in (1.11). We shall prove in Proposition 4.1 
that the quasilinear reduction (1.1) of system (1.7) still holds with the right- 
hand-side term /(t, x) satisfying a tame estimate, meaning that it is linear 
with respect to the Holder norm. To be concise in the following statements, 
let us define the quantities that control the system (see Definition 6.1 for the 
definitions of functional spaces): 

Sobolev norms : " ll(%: V’o)||^.+ i 

“Strichartz norm” : A^o-t = ll(f?; V'i/:)|| ,,, , i ^ 

Our first result concerns an a priori estimate for the Sobolev norm in 

terms of itself and the Strichartz norm A^r,r- 

Theorem 1.1. — Let d'>\,h>t),r>2 and s > | + f ■ Then there exists 
a nondecreasing function T : R^ —> R'*', depending only on {d,s,r,h), such 
that: for all T G (0,1] and all {r],ijj) solution to (1.7) on [0, T] with 

(r/,V’)GL-([0,r];R«+i xR«), 

(r/, VV-) G ([0,r];FF”+i°° x , 

inf dist(? 7 (t), P) > h, 
tG[0,T] 
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there holds 

Ms,T < + TF{Ms^t) + Nr,T) ■ 

Remark 1.2. — Some comments are in order with respect to the preceding 
a priori estimate. 

1. We require only Vip £ ^ instead of ip £ 

2. The function T above can be highly nonlinear. It is not simply a straight¬ 
forward outcome of a Gronwall inequality but also comes from estimates 
of the Dirichlet-Neumann operator in Sobolev spaces and Besov spaces 
(see the proof of Theorem 4.5). 

3. When s > 2 + dj2 one can take r = s — ^ and retrieves by Sobolev 
embeddings the a priori estimate of [1] (see Proposition 5.2 there). 

Our second result provides a blow-up criterion for solutions at the energy 
threshold constructed in [1]. Let denote the Zymund space of order r 
(see Definition 6.1). Note that Cl = if r € (0,oo) \ {1,2,3,...} while 

Wr,oo c O} if r G {0,1,2,...}. 

Theorem 1.3. — Let d > 1, h > 0 and a > 2 + ^. Let 

{r]o,'ijjo) £ X dist(?7o,r) >/i > 0. 

Let T* = T*{r]Q,'ijjQ,a,h) be the maximal time of existence defined by (4.17) 
and 

(77,^)GL-([0,r*);77"+ix77-) 

be the maximal solution of (1.7) with prescribed data ( 779 , V’o)- If T* is finite, 
then for all e > 0, 

(1.14) PfiT*) + £ Qfit)dt + ^ = + 00 , 
where 

PeiT*)= sup ||f?(t)||c 72 +e + ||VV’(t)||BO , 

tG[0,T*) * “’1 

Qeit) = h(t)|| 5+, -F ||VV^(t)||ci, 

c* 

h{T*) = inf dist(? 7 (t), T). 
te[o,T*) 

Consequently, ifT* is finite then for all e > 0, 

(1.15) p^{t*) + £ g0(t)dt + ^ 


= -|-oo 
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where 



Remark 1.4- — 1- We shall prove in Proposition 4.7 below that the 



double exponential 


exp 


where C{T) depends only on the lower norm P^{T). In the preceding 
estimate, can be replaced by by virtue of (4.23). These bounds 
are reminiscent of the well-known result due to Beale-Kato-Majda [11] 
for the incompressible Euler equations in the whole space, where the 
norm of the velocity was sharpened to the L°°-norm of the vorticity. An 
analogous result in bounded, simply connected domains was obtained by 
Ferrari [24]. 

2. If in Qg the Zygmund norm ||V?/)||(^i is replaced by the stronger norm 

|]Vi/^ll ni , then one obtains the following exponential bound (see Remark 
00,1 

4.8) 



where C{T) depends only on the lower norm Pe{T) and a > ^ + ^. The 
same remarks applies to and {V,B). 

In the survey paper [21] Craig-Wayne posed (see Problem 3 there) the 
following questions on How do solutions break down?: 

(Qi) For whieh a is it true that, if one knows a priori that sup[_ 2 ’ 7 '] \\{r], i/')]]c“ < 
-|-oo then C°° data implies that the solution is C°° over the time in¬ 

terval [-T, T] ? 

(Q2) It would he more satisfying to say that the solution fails to exist because 
the "eurvature of the surfaee has diverged at some point", or a related geomet- 
rieal and/or physieal statement. 

With regard to question (Ql), we deduce from Theorem 1.3 (more precisely, 
from (1.14)) the following persistence of Sobolev regularity. 

Corollary 1.5. — Let T G (0,-|-oo) and {r],/) be a distributional solution to 
(1.7) on the time interval [0, T] sueh that infjg^T] dist(? 7 (t), T) > 0. Then the 
following property holds: if one knows a priori that for some eg > 0 


(1.16) 


sup ||(r/(t), Vi/;(t))[| 



[0,T] 


< + 00 , 
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then (r/(0),V'(0)) G implies that {r],-ip) € L°°([0,T]; 

Theorem 1.3 gives a partial answer to (Q2). Indeed, the criterion (1.15) implies 
that the solution fails to exist if 

- the Lipschitz norm of the velocity trace explodes, z.e., supp ^^*) ||(y, i?)||^yi.oo = 
+ 00 , or 

- the bottom rises to the surface, i.e., h{T*) = 0. 

Some results are known about blow-up criteria for pure gravity water waves 
(without surface tension). Wang-Zhang [48] obtained a result stated in terms 
of the curvature H (rj) and the gradient of the velocity trace 
fT* 

(1.17) / \\{\/V,\/B){t)\\l^dt+ sup ||R(7?(t))||L2nLP = +oo, p > 2d. 

Jo t&[0,T*) 

Thibault [22] showed, for highest regularities, 

^ {M^3+ + \\{V,B)\\ci+)dt = +oo; 

the temporal integrability was thus improved. In two space dimensions, us¬ 
ing holomorphic coordinates, Hunter-Ifrim-Tataru [28] obtained a sharpened 
criterion with ||(1Z, R)[|c-i+ replaced by \\{'W,VB)\\bmo- Also in two space 
dimensions, Wu [55] proved a blow-up criterion using the energy constructed 
by Kinsey-Wu [54], which concerns water waves with angled crests, hence the 
surface is even not Lipschitz. Remark that all the above results but [22] con¬ 
sider the bottomless case. In a more recent paper, [49] considered rotational 
fluids and obtained 

sup (||7;(t)[|vyi.oo -F \\H{i]{t))\\L2nLp) = +oo P > 2d, 

tg[0,T*) 

V being the Eulerian velocity. In order to obtain the sharp regularity for 
and {V,B) in Theorem 1.3, we shall use a technical idea from [49]: deriving 
elliptic estimates in Chemin-Lerner type spaces. 

Finally, we observe that the relation (1.13) exhibits a gap of 1/2 derivative 
from to in terms of Sobolev’s embedding. To fill up this gap we 

need to take into account the dispersive property of water waves to prove a 
Strichartz estimate with a gain of 1/2 derivative. As remarked in [23] this 
gain can be achieved for the 3D linearized system (i.e. d = 2) and corresponds 
to the so called semiclassical Strichartz estimate. The proof of Theorem 5.9 
on the Lipschitz continuity of the solution map shows that if the semiclassical 
Strichartz estimate were proved, this theorem would hold with the gain p. = \ 
in (5.31) (see Remark 5.10). Then, applying Theorems 1.1, 1.3 one would end 
up with an affirmative answer for (Q) by implementing the standard method 
of regularizing initial data. Therefore, the problem boils down to studying 


A PARADIFFERENTIAL REDUCTION FOR THE GRAVITY-CAPILLARY WAVES 9 


Strichartz estimates for (1.7). As a first effort in this direction, we prove 
in the companion paper [23] Strichartz estimates with an intermediate gain 
0 < // < 1/2 which yields a Cauchy theory (see Theorem 1.6, [23]) in which 
the initial velocity may fail to be Lipschitz (up to the boundary) but becomes 
Lipschitz at almost all later time; this is an analogue of the result in [5] for 
pure gravity waves. 

The article is organized as follows. Section 2 is devoted to the study of the 
Dirichlet-Neumann operator in Sobolev spaces, Besov spaces and Zygmund 
spaces. Next, in Section 3 we adapt the method in [1] to paralinearize and then 
symmetrize system (1.7) at our level of regularity (1.13). With this reduction, 
we use the standard energy method to derive an a priori estimate and a blow¬ 
up criterion in Section 4. Section 5 is devoted to contraction estimates; more 
precisely, we establish the Lipschitz continuity of the solution map in weaker 
norms. Finally, we gather some basic features of the paradifferential calculus 
and some technical results in Appendix 6. 


2. Elliptic estimates and the Dirichlet-Neumann operator 

2.1. Construction of the Dirichlet-Neumann operator. — Let ry G 

VF^’°°(R'^) and / G iL 2 (R'^). In order to define the Dirichlet-Neumann oper¬ 
ator G{r])f, we consider the boundary value problem 

(2.1) ^x,y4> = 0 in D, = /, dn(t)\r = 0. 

For any h' G (0, /i], define the curved strip of width h' below the free surface 

(2.2) D/j/ := |(x, 2 /) : x G lV^,r]{x) - h' < y < r]{x)'^ . 

We recall here the construction of the variational solution to (2.1) in [3]. 

Notation 2.1. — Denote by Si the space of functions u G C°°{Q) such that 
'^x,yU G L^(D). We then define Sq as the subspace of functions u G S such 
that u is equal to 0 in a neighborhood of the top boundary S. 

Proposition 2.2 (see [1, Proposition 2.2]). — There exists a positive 
weight g G L^^(Q), locally bounded from below, equal to 1 near the top 
boundary ofVL, say in and a constant C > 0 such that for all u G Sq, 

(2.3) // g{x,y)\u{x,y)\‘^dxdy<C \Vx,yu{x,y)\‘^ dxdy. 

J J Jq, 

Definition 2.3. — Denote by the completion of So under the norm 
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Owing to the Poincare inequality (2.3), endowed with the norm \\u 

II is a Hilbert space, see Definition 2.6 [1]. 


Now, let xo £ C°°(R) be such that xo{^) = 1 if Xo{^) = 0 if z < — 

Then with f ^ H^, define 

fi{x,z) = fix), X G R'^, z < 0. 

Next, define 


(2.4) 


lix, y) = fi{x, - — y) G n. 


This "lifting" function satisfies = fix), / = 0 in n \ and 

(2-5) WfllH'^iQ) < Kil + lkl|vKi.°°)||/||^i 

The map 

ipe^- Vx,yf_-^x,yPdxdy 

Jn 

is thus a bounded linear form on R^’^(n). The Riesz theorem then provides a 
unique u G H^’^iQ) such that 


(2.6) Vyj G R^’°(0), 


^ x,y'^x,yP dxdy — II ^ x,y f x,yP dxdy. 

12 J Ju ~ 


Definition 2.4- — With f andu constructed as above, the function 4> ■= u+f 
is defined to be the variational solution of the problem (2.1). The Dirichlet- 
Neumann operator is defined formally by 


(2.7) Giy)fi = x^lTWWdn<P I = [dy<P - Vr? • V4>] \ 


As a consequence of (2.5) and (2.6), the variational solution (j) satisfies 

(2-8) ||Vj;,y(/>||2,2(Q) < Kil + ||^||vUl.°°)||/||^l^j^d)- 

Moreover, it was proved in [22] the following maximum principle. 

Proposition 2.5 (see [22, Proposition 2.7]). — Let p G 1T^’°°(R'^) and f G 
H'^fRf). There exists a constant C > 0 independent of p, if such that 

ll</’l|L°°(t2) < C'|]/|]^00(R^d). 


The continuity of Gfi]) in Sobolev spaces is given in the next theorem. 
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Theorem 2.6 (see [3, Theorem 3.12]). — Let d>l, s>^ + | and ^ < a < 
s+ i. For all r]e ), the operator 

G{r]) : R'" ^ 

is eontinuous. Moreover, there exists a nondecreasing function T : R+ ^ R+ 
such that, for all rj G R®'’' 2 (R‘^) and all f G there holds 

(2.9) l|G(r?)/||^,.-i <.F(||77||^,+ i)||/||^^.. 


2.2. Elliptic estimates. — The Dirichlet-Neumann requires the regularity 
of '^x,y4> s-t tho free surface. We follow [33] and [3] straightening out using 
the map 

p{x, z) = {1 + z)e^^^^'^^ri{x) — z — /i| 

ix,z) G 5 := R'^ X (-1,0). 


According to Lemma 3.6, [3], there exists an absolute constant K > 0 such 
that if 5||r/||^yi,oo < K then 

( 2 . 11 ) d,p > ^ 

and the map (x,z) e->■ {x,p{x,z)) is thus a Lipschitz diffeomorphism from S 
to Llfi. Then if we call 


( 2 . 12 ) v{x, z) = (j){x, p{x, z)) y{x,z)€S 
the image of cj) via this diffeomorphism, it solves 

(2.13) Cv := {d‘1 + aAx + /3 . Vxdz — ^dz)v = 0 in 5 


where 


a := 


{dzpf 


1 + xp\ 


2 ’ 


^:=-2 


dzP^xP 

1 + xp\ 


2 ’ 


7 := j^idlp + aAxP + /3 • Vxdzp). 

OzP 


2.2.1. Sobolev estimates. — Define the following interpolation spaces 

X^(J) = Cz{I; R^(R")) n Ll{J; (R'^)), 

(2.14) ^ 

Yf^{J) = L^(/;R^(R'^)) + L2(J;R/^-2(R'^)). 

Remark that |] • ||yM(j) < || • ||aa‘-i(J) for any /i G R. We get started by providing 
estimates for the coefficients a, /3, 7 . We refer the reader to Appendix 6 for a 
review of the paradifferential calculus and notations of functional spaces. 

Notation 2.7. — We will denote J- any nondecreasing function from R+ to 
R+. T may change from line to line but is independent of relevant parameters. 

Lemma 2.8. — Denote I = [—1,0]. 
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I then 

|fi|| ^_i + 11/5 

C(/;C* 




u- A 5“ 
C(hCt 


X'" 


1. For any a > ^ ^ and e > 0, there holds 

(2.15) ||a-/i^ 

2. //^> 

(2.16) 

(2.17) 


. 3 ^^^ <7-(||r?||pi+. 




. 3 <7'(||r?|| 

c(/;cr^) “ c: 


,M+7 ' 


a 




+ ll/^ll 


U2(7;C1‘) + 




a 




1 + Ib/lliO- 


Proof. — These estimates stem from estimates for derivatives of p. For the 
proof of (2.15) we refer the reader to Lemmas 3.7 and 3.19 in [3]. Concerning 
(2.16) we remark that a and /3 involve merely derivatives up to order 1 oi p 
while 7 involves second order derivatives of p. Finally, for (2.17) we use the 
following smoothing property of the Poison kernel in the high frequency regime 
(see Lemma 2.4, [10] and Lemma 3.2, [48]): for all k > 0 and p £ [1, oo], there 
exists C > 0 such that for all j > 1, 

||g Aju\\]^p^-^d) < Ce ||^j^^||i,p(Rd), 

where, we recall the dyadic partition of unity in Definition 6.1: Id = 

The low frequency part Aq can be trivially bounded by the L^-norm using 
Bernstein’s inequalities. □ 


We first use the variational estimate (2.8) to derive a regularity for Vx,zV. 

Lemma 2.9. — Let f £ H 2 . Set 

(2-18) E{p,f) = \\SIx,y(t>\\L^{nu)- 

1. If p £ with e > 0 then S/x,zV £ C'([—1, Oj; 7 L“ 2 ) and 

(2.19) - •^(ll^llci+0^(^>/) 

(2.20) + \\'n\\^i+e)E{p, f). 

2. If p £ 77 ®"''2 with s > ^ + | then Vx,zV £ C'([—1,0]; 77“ 2 ) and 

( 2 . 21 ) 

Remark 2.10. — 1. By (2.8), we have 

E{pJ) < 77(1 + ||??||h/i.-)]|/II^i ■ 

However, we keep in the estimates (2.19)-(2.20) the quantity E{p,f) instead 
of II/II 1 because E{p, f) is controlled by the Hamiltonian, which is conserved 
under the flow. Moreover, as we shall derive blow-up criteria involving only 
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1 . 


Holder norms of the solution, we avoid using 
2. The estimates (2.19), (2.20), (2.21) were proved in Proposition 4.3, [48] as 
a priori estimates (see the proof there). It is worth noting that we establish 
here a real regularity result. 


Proof. — Denote I = [—1,0]. 

1. Observe first that by changing variables, 

( 2 . 22 ) = T{\\T]\\wi,oo)E{T], /). 

Applying the interpolation Lemma 6.22, we obtain S/xV G X“ 2 (/) and 


(2.23) 


^ l|Vx,2i^[[L2(j.i2) <T{\\r]\\whoo)E{r],f). 


We are left with (2.20). Again, by virtue of Lemma 6.22 and (2.22), it suffices 
to prove 


C* 


A natural way is to compute d'^v using (2.13) 

d‘^v = -aAxV - 13 ■ Vxdzv + jd^v 

and then estimate the right-hand side. However, this will lead to a loss of ^ 
derivative of rj. To remedy this, further cancellations coming from the structure 
of the equation need to be invoked. We have 

{dy(j)){x,p{x,z)) = ■^dzv{x,z) =: {Aiv){x,z), 

^zP 

{Vxf))ix,p{x,z)) = {Vx - ^^dz)v{x,z) =: {A 2 v){x,z). 

OzP 

Set U := Aii; — \txpA 2 v, whose trace at z = 0 is actually equal to G{p)f. 
Then, using the equation Ax^y4> = 0, it was proved in [3] (see the formula 
(3.19) there) that dzU has the divergence form 

d,U = Vx • {dzpA2v). 

Then, by the interpolation Lemma 6.22, it is readily seen that U G C{I\ H~"^) 
and 




< 


E{Mcl+e)E{pJ). 


Now, from the definition of Ai ^2 one can compute 


d,v = 


{U VxP • A/xv)dzP 

1 + |V,p|2 


=-.Ua + S/xV ■ b 
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with 


a : = 


dzP 


b := 


dzP^xP 


l + |V,p|2’ ■ l + |V,p|2- 

We write J7a = TaU + Tjja + i?(a, U). By Theorem 6.5 (i), 


\TaU\\, 


< 




< 




The term Tjja can be estimated by means of Lemma 6.14 as 

Finally, for the remainder R{a,U) we use (6.12), which leads to a loss of ^ 
derivative for rj, to get 


where, we have used 


C(7;C?+") 




c. 




-F(l|r7||.i+e)(l + 


Cj 


.)• 


Finally, the term b^xV can be treated using the same argument as we have 
shown that VxV € C{I] H~^). The proof of (2.20) is complete. 

2. We turn to prove (2.21). Observe that by the embedding 

(2.24) \\p\\ci+e < C||r?||^,^i 

with 0<e<s— ^ — (2.19) implies the estimate of VxV in (2.21). For 

dzV, we follow the above proof of (2.20). It suffices to prove all € C{I; H~ 2 ) 
with norm bounded by the right-hand side of (2.21). To this end, we write 
all = hU + T^a-h)U + Tu{a — h) + R{a — h,U). The proof of (2.20), combined 
with (2.24), shows that 

ru(a - < J-(||r?||^,+ i )^^^^ 

Finally, by applying (6.11) (notice that ^ > ^) and using the estimate 






we conclude that 

p(C/,a)|| 


C{I\H-h) ~ 




,)E{pJ). 


□ 


According to the preceding lemma, the trace '^x,zv\z=o is well-defined and 
belongs to H~ 2 . Estimates in higher order Sobolev spaces are given in the 
next proposition. 
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Proposition 2.11 (see [3, Proposition 3.16]). — Let s>^ + |, —|<(T< 
s — Assume that rj € and f € and for some zq G (—1,0) 

IIV3. ^i;|| 1 , , < +00. 

Then for any zi G ( — 1,0), zi > zq, we have Vx,zV G X^{[zi,0]) and 

ll^a:,2l^|lx<^([^l,0]) - -^(11^11^1^8+^) I 

where T depends only on a and Zo,zi. 


ff<T + l 


+ l|V3,,2i;| 


A-2 ([20 


, 0 ])} ’ 


A combination of (2.21) and Remark 2.10 implies 


\yx.zV 


<-^(yL.+*)ii/ii, 


rp ^V\\ 1 - V ^ .. 

provided s > ^ + ^. With the aid of Proposition 2.11, we prove the following 
identity, which will be used later in the proof of blow-up criteria. 

Proposition 2.12. — Let s > 5 + f • Assume that r/ G and f € . 

Then (f G and the following identity holds 


j^JG{p)f =\\S/x^y(l>\\hiny 


Proof. — We first recall from the construction in subsection 2.1 that ft = u+f, 
where / is defined by (2.4) and u G is the unique solution of (2.6). 

By the Poincare inequality of Lemma 2.2 and (2.6), (2.5) 

lkllL2(Q^) < C\\S/x,yU\\L2(yi) < K{1 + ||??|| VFL°o ) ||/1|^ 1 • 

Therefore, (f G Lp'iPt.h) and thus, by (2.8), (f) G Now, applying Propo¬ 

sition 2.11 we have that v = (p{x,p{x,z)) satisfies for any zi G ( — 1,0) 

I|Vx,w||l2(Li, 0];LI1) < -^(lhll^.-ri )ll/llj:^3. 

Then using equation (2.13) together with the product rules one can prove that 


3 . 


I|5^^IIl2([2i, 0];L2) < •^(ll??ll^.+ 5. 

By a change of variables we obtain Vx,y4> G and thus (p G 

Now, taking (p = u ^ in the variational equation (2.6) gives 

/ ^x,z(p'^x,zU = 0. 

Jn 

Consequently 

[ Nx,y4>\‘^ = [ \'^x,y4>\‘^ - f ^x,z(p'^x,zU = [ Vx,y4>^x,y[_■ 

Jq Jq Jq, Jq 


16 


THIBAULT DE POYFERRE & QUANG-HUY NGUYEN 


Since f = 0 in ft \ ^h/ 2 i this implies 

f \^x,y4'\‘^ = f ^x,y(p'^x,yl_- 
Jo, 

We have proved that in ^ 3 / 1 / 4 , the harmonic function (f) is . Notice in 
addition that (/> = 0 near {y = r/ —3/i/4}. As 903 / 4/4 is Lipschitz (r/ S C 

an integration by parts then yields 

f \yx,y^\^= f lpn(t>= ! fG{y)f, 

Jn Jt. 

which is the desired identity. □ 


The next proposition is an impovement of Proposition 2.11 in the sense that 
it gives tame estimates with respect to the highest derivatives of ry and /, 
provided Vx,zV G Lf'L^- 

Proposition 2.13 (see [22, Proposition 2.12]). — Let s > ^ +| < u < 
s — Assume that rj G f G and 

for some zq G (—1,0). Then for any zi G (.^OjO) and e G (0,s — ^ — ^), there 
exists an increasing funetion T depending only on s,a,ZQ,£ such that 

(2.25) 

II Vx,2:'p|Ixo'([2i, 0]) — -^(ll^llcf+®) { II/IIr“'+i “I" ll'^llj|^s+^ ll^a;,z'*^||L°°(po,0];L°°) 

T11 ^7 7 . T-i^ll 1 f . 


2.2.2. Besov estimates. — Our goal is to establish regularity results for Vx,zV 

in Besov spaces. In particular, we shall need such results in the Zygmund space 
_ 1 

with negative index C* ^, which is one of the new technical issues compared 

to [ 6 , 1, 3, 5, 48]. To this end, we follow the general strategy in [ 6 ] by first 

paralinearizing equation (2.13) and then factorizing this second order elliptic 

operator into the product of a forward and a backward parabolic operator. The 
_ 1 

study of 'S/x,zV in C* ^ will make use of the maximum principle in Proposition 
2.5. The proof of the next lemma is straightforward. 

Lemma 2.14- — Set 

(2.26) Riv = {a — Ta)AxV + {f3 - Tp) ■ Vd^v - (7 - T^)dzV, R 2 V = T^yd^v. 
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Consider two symbols 

aW = 74a|ep-(/3-02), 

(2.27) 2 - 

which satisfy a A = —ifd ■ aA = —a|^p. Next, set 
(2-28) 7?3 = - (r^(i)T^(i) - TaA) + ■ 

Then we have 

Cv = {dz - r„(i))(52 - T^a))v + Riv + R 2 V + R 3 V. 

The next proposition provides a regularity bootstrap for Vx,zV in ^ with 
r > 0. Its proof is inspired by that of Proposition 4.9 in [48]. 

Proposition 2.15. — Let eo > 0 and r £ [0,1 + eo). Assume that p £ 
n f e , V/ £ i and for some zq £ (—1,0) 

(2.29) S/x,zV £ L°°i[zo,0]-,B^~})nL^{[zo,0];Blg) 

Then, for any zi £ {zq, 0), we have Vx,zV £ (^([zi, 0]; B"^ ;^) and 

(2.30) \\'^x,zV\\c{[zi, 0 ]-,B-^g) <Kn,eo IIW[|r^,i +E{p,f), 
where, Kn^eo is a constant of the form 

(2.31) T'(||r?||^2-^eo + [[7 ?||l2) 
with T : R"*" —)■ R'*' nondecreasing. 

Remark 2.16. — It is important for later applications that our estimate in¬ 
volves only the Besov norm of V/ and not / itself. 

Proposition 2.15 is a conditional regularity result. It assumes weaker regular¬ 
ities of Vx,zV to derive the regularity in C{\zi,D\, Bf^ ;^). The later will allow 
us to estimate the trace '^x,zv\z=o in the same space. 

Proof. — Recall the definitions of Rj j = 1,2,3 in Lemma 2.14. Pick e > 0 
such that 2s < min |^, 1 + Eq “ t}. We shall frequently use the following fact: 
for all s £ R and for all d > 0, there exists C > 0 such that 

(2.32) ^|[«llcj < [[^^IIb5„,i < C'l[^^llc=+'*- 

Step 1. In this step, we estimate RjV in B^ ^) for any J C [—1,0]. For 

Ri we write using the Bony decomposition 

(a - Ta)AxV = T/^^vOi + R{AxV, a). 




18 


THIBAULT DE POYFERRE & QUANG-HUY NGUYEN 


Applying (6.28) and the assumption (2.29) (i) gives 




r+^+e ioo(^-l-e ^ ^T],eo L<x> ’ 


where we have used the facts that r + 4 + 2e<| + eo and (by (2.17)) 


|a||~ < ||a| 


L 2 S 

00,1 


L 2 C, 


1 < K 

,r+^+'2e rs^ 


Next, noticing that (| + eo) + (—1 — e) > 0 and ^ + Eq — 1 — e > r — we 
obtain by using (6.29) 


\\R{^xV,a)\\ 1 < ||a| 

Lj id 1 
00,1 


L 2 C? 


+eo 


||A 3 ; 1 ;| 




The term (/3 — Tp) ■ VxdzV can be treated in the same way. Lastly, it holds 
that 


\\Td,vl\\~ r-^ ^ 




r-^+e ll^^'^ll ^ ll'^zl’ll £^oo 


and 


II-R(^^^^,7)II~. .-1 ^ 

^ ^ 00,1 


L^C? 


+eo\\^zV\\jjooB^e^ < Krj^£f)\\dzV\\^ao^^e^- 


Gathering the above estimates leads to 

On the other hand, R 2 V satisfies (using (6.28)) 


\\R 2 v\\ 




= WT^dzV 




< 

r\j 


< Kr^^£^\\dzV\ 




which is finite due to the assumption (2.29). 

Next, noticing that (see Notation 6.9) 

Ml(aW) + Adl(AW) + 7W(,(9.AW) < 

we can apply Lemma 6.18 to deduce that iis is of order 1 and 




< \\R3v\ 


r-1. Rq,eo\\'^xV\ 


In view of Lemma 2.14, we have proved that 

{dz-T^w){dz-T^(^))v = F 




|F| 


r-^ r-~^^^V,eo 


lRJ-,b:^7) 


Kv.en ^ ^ 


L^{J-,B^?nB-^,) 


with 
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Step 2. Fix — 1 < 2 ;o < < 0 and introduce n a cut-off function satisfying 

kU< 2 o = 0, = 1. Setting w = K{z){dz - T^(i))v, then 

(dz - T^ii))w = G := k{z)F + K!{z){dz - T^(i))v. 

As w\z=zo = 0, applying Theorem 6.21 yields for sufficiently large <5 > 0 to be 
chosen, that w G C{[zo,0]‘, and 


\Wiz){dz - T^{i))v 
Choosing tq > e and using (2.32) we deduce 




— i 

^ r 


Now, on [ 2 : 1 , 0 ], V satisfies 

{dz - Tj^(i))Va;V = Vw + Vxv\z=o = V/. 

After changing 2 : 1 —>■ —.z. Theorem 6.21 gives for sufficiently large <5 > 0 

l|VxI^||c([^i,0];RS„_i) <Kr,,eo 

(2.33) + II^V,A(i)^IIz°°([zi, 0];R;;;]) + ll^*^llz°°([zi,0];c*-'*) 

IIV/IIb;; 






+ 11^2 




Then, from the equation dzV = w + r^(i)f we see that dzV G C([ 2 ;i, 0]; ;^) 

with norm bounded by the right-hand side of (2.33). We split 


|V.r.2f I 


-’■-2 
^ 2 r 


into two norms, one is over [ 2 : 0 , 2 : 1 ] and the other is over [ 2 : 1 , 0 ]. The one 
over [ 2 : 0 , 2 : 1 ] can be bounded by ||/|| 1 using the estimate (2.8). Indeed, the 
fluid domain corresponding to [zq, zi] belongs to the interior of fli, where (p is 
analytic, and thus the result follows from the standard elliptic theory (see for 
instance the proof of Lemma 2.9, [1]). On the other hand, by choosing a large 
(5 > 0 and interpolating between Bpp^^ and B^^ i, the term 


|V.r.2f I 


’■-5 
2 r 


appearing on the right-hand side of (2.33), can be absorbed by || gj.^ 

on the left-hand side, leaving a term bounded by \\'^x,zv\\j^oo^^^^Qy^-s y Fi¬ 
nally, choosing <5 > ^ -|- ^, we conclude by (2.32), Sobolev’s embedding and 
(2.19)-(2.20) that 
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□ 

Corollary 2.17. — Let s > ^ Eq G (0, s — | and r G [0,1 + eo)- 
Assume that rj G and f G H^, V/ G Then for any z G (—1,0), 

we have Vx,zV £ 0]; ^So,i) 

l|Va:,2^^||c([z,0];S^_l) II^/IIs^.i +E{y,f). 

Proof. — Under the assumptions on the Sobolev regularity of y and /, we can 
apply Proposition 2.11 in conjunction with (2.21) to get for any z G (—1,0), 

Vx,zv G C{[z,0]-,H^-^) ^ C{[z,0]-,ct^°) ^ C{[z,0]-Bi^,). 

I 1 

Notice that rj G ^ and V/ G Bf^ Then the bootstrap 

provided by Proposition 2.15 concludes the proof. □ 


Considering the case r = — ^, we first establish an a priori estimate. 
Proposition 2.18. — Assume that y G n for some Eq > 0, and 

f G L°°, V/ G C* IfVx,zV G C{[z,0]-,C^ ^) for some z G (—1,0) then 


(2.34) 




Proof. — We follow the proof of Proposition 2.17. The first step consists in 
estimating Rjv in L^Cf^. Fix 0 < e < min{^,eo}. For Riv, a typical term 
can be treated as 






^ Kri,eo 




On the other hand, R 2 V satisfies 


< 




_l+e, < Krj,eo\\dzV\\ 


Since R 3 is of order 1 with norm bounded by h holds that 

Consequently, we obtain 

(a,-r,a))(a,-T^a))r; = F 

with 

Now, arguing as in the proof of Proposition 2.17, one concludes the proof 

by applying twice Theorem 6.21, then interpolating llVx^ulL between 

’ L°°c* ^ 
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llV^zflL _i and X zv\\joon-s with large 5 > 0, where the later can be 
controlled by E{ri] f) via Sobolev’s embedding. □ 


Next, we prove a regularity result, assuming 1/2 more derivative of r]. 


Proposition 2.19. — Assume that rj G H for some Cq > 0, and 

f G L°° Cl , V/ G Then, for any z G (—1,0) we have Vx,zV G 

C{[z,t)\]C^ and 


(2.35) 


\^x,zV\ 


C'(b,0];C* 2) 


< K 

— ^'■V,£0 


IY/ll ^-1 + (1 + 


a 


i+®o 


Proof. — We still follow the proof of Proposition 2.17. The first step consists 
in estimating RjV in For Riv, a typical term can be treated as 

||(a — Ta)Axv\\i2(^j.^c~'^') ^ 

On the other hand, R 2 V satisfies 

||-R2i^|IZ2(j.(^-i) ^ ll7llz2(j.^oo)||92i;^-fi"^;,£oll'92'^IIZoo(•J.(^-l)• 

Since R 3 is of order 1 with norm bounded by it holds that 

||-R3^^|IZ2(J;C-1) ~ -^r;,£ol|Va;l’||2;oo(j.(^-l)- 
Consequently, we obtain 


{d,-T^a)){dz-T^w)v = F 


with 

ll■^IIZ2(J;C*"^) ~ + ll^ll §+eo)ll^^-^''^IIZ°°(J;C*“^)' 

Then, arguing as in the proof of Proposition 2.17, one concludes the proof by 
applying twice Theorem 6.21: once with q = 2, 5 ^ 1 and once with q = 1 
and (i = 1 so that Proposition 2.5 can be invoked to have 

||Va;,2'I’|| ^A'r,,eo 


□ 
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2.3. Estimates for the Dirichlet-Neumann operator. — We now apply 
the elliptic estimates in the previous subsection to study the continuity of the 
Dirichlet-Neumann operator. Put 


Cl 


1 + W xp'^ 
dzP 


C2 


V xP- 


By the definition (2.7), the Dirichlet-Neumann operator is given by 


(2.36) 


G{v)f = CidzV - C2 • 

= h~^d:zV + (Cl - hr'^)dzV - C2 • VxV 


where v is the solution to (2.1). 


Proposition 2.20. — Let s > | r/ G 77 ®"''2 and f G 77®. Then we have 
(2.37) ||G(r?)/||^._i II/IIj,. + ||r?||^,^i {||+ E(r?,/)} . 


Proof. — Notice first that by the Sobolev embedding, rj G Using the 

formula (2.36) and the tame estimate (6.21) we obtain 

II^(^)/IIh®“ 1 ^ ||V3;^2:'u|2=o||//s-l -|- II Va;^2'u|2 = o||L°° • 

Under the hypotheses. Corollary 2.17 is applicable with r = 0. Hence, in view 
of (2.32), it holds that 


V2;G(-1,0), ||Va;,2i;||co([j,^o];B^_U 1 /)• 

Noticing embedding ^ ^ L°°, we deduce 


l|G(r?)/|| 


^K, 


V,eo 


+ 




{||V/||e^^^+E(r/,/)} 


which is the desired estimate. 


□ 


Proposition 2.21. — We have the following estimates for the Dirichlet- 
Neumann operator in Zygmund spaces. 

1. Let s > I £0 G (Oj® “ I “ f) ^ ^ (0) 1 + ^o)- Assume that 

p G 77®^2 and f G 77®, V/ G 77^0 i- Then we have 

(2.38) ||G'(7?)/||bs,,, II V/IIbs,,, + E{p, /), 

where recall that 77^,eg is defined by (2.31). 

5 , _i 

2. Let So > 0. Assume that p G Cf , f G L°° C 772 and V/ G C* ^, then 


(2.39) 




< 


K, 


V,eo 


llv/IU-1+(i + 


G* 


C, 


§+®o 


L°° ■ 
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3. Let eo > 0. Assume that rj G fl and f £H'2 ,Vf€C^ ^, 

then 


(2.40) 


||G(i?)/|| 1 \\Vf\\^+E{rj,f). 




Proof. — We first notice that ||(j|^=o||(;;i+eo ^ -^r?,eo- 

1. Using the Bony decomposition for the right-hand side of (2.36), we see that 
(2.38) is a consequence of Corollary 2.17, (6.25), (6.26) and the embedding 

2. For (2.39) one applies the product rule (6.22) and Proposition 2.19. 

3. For (2.40) we first remark that owing to Proposition 2.11, the assumptions 

rj £ + j f £ 7/2 + 2 imply 

z G (-1,0), £ C([z,0];7/-Hi) ^ C([z, 0]; 

Therefore, the a priori estimate of Proposition 2.18 yields 


IV, 


C([z,0];C, 


< 


— T7, rs-/ 




V,£0 


^i+E(rj,f), 


which, combined with (6.22), concludes the proof. 


□ 


To conclude this section, let us recall the following result on the shape derivative 
of the Dirichlet-Neumann operator. 

Theorem 2.22 (see [34, Theorem 3.21]). — Let s > \ + d>l and £ 

3 

7/2. Then the map 

: 7/'^+5 ^ 7/5 

is differentiable and for any f £ 7/®^2 ^ 

drjG{rj)ip ■ f := lim i(G(r/ e/)V^ - G{r])f) = -G{rj){Bf) - div(U/) 
where B and V are functions of {rj,'tp) as in (1.8). 
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3. Paralinearization and symmetrization of the system 


Throughout this section, we assume that is a solution to (1.7) on a time 

interval I = [0, T] and 


(3.1) 


We fix from now on 


7?GL'^(I;F*+5)nLH/;C'J+"*), 

3d 

s > - + -,e* > 0 

inf dist(7/(t), r) > /i > 0. 
tel 


r 1. 

0 < e < minje*, -} 


and define the quantities 

^ = \\v\\c^+^* + lldllL2 + II ^ + E{r], tp), 

B = ||r?|| + llVajV'll^;^ ^ + 1. 


(3.2) 


c: 


oo, 1 


Our goal is to derive estimates for (t/, ijj) in 77®^ 2 x 77®) by means of A 

and B and keep them linear in B. 

3.1. Paralinearization of the Dirichlet-Neumann operator. — Our 

goal is to obtain error estimates for G{rj)tp when expanding it in paradifferen- 
tial operators. More precisely, as in Proposition 3.14, [1], we will need such 
expansion in terms of the first two symbols defined by 


(3.3) 


with 


A(') := ^(l + |Vr?|2)|e|2-(V7?.0^ 


:= 


1 + |v??r 

2 A(i) 


:= 


div(a^^^ V? 7 ) + 

2 (A(^)+iVr?- 0 - 


1 


1 + |V? 7 | 

Set A := AW + A(o). 

To study G{ri)'ip, we reconsider the elliptic problem (2.1), i.e.. 


(3.4) 

Let 


^X,y4> = 0 in n, (/>|s = '0; dn(t>\v = 0. 
v{x, z) = 4>{x, p{x, z) {x, z) £ S = X (—1,0) 
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as in Section 2.2. Then, by (2.13), v satisfies Cv = 0 in 5. Applying Propo¬ 
sition 2.13 with (T = s — 1 and Corollary 2.17 with r = 0 we obtain for any 
ZG (-1,0) 

II { II^'^IIbSci + ’ 

IIV’IIh'* + • 

On the other hand. Corollary 2.17 with r = 1 yields for any G (—1,0) 

(3.6) l|Va:,2l^|lc-([z,0];B^_P II + E{r], f) <A B. 

Lemma 3.1. — We have 

dlv + TaA^v -h T/j • VxdzV - T.yd^v - To^v3 = Ei, 
where, for all I ^ (—1,0], Fi satisfies 

<A^{l|r/||^.+ i +||V’IIh=}. 

Proof. — From equation (2.13) and the Bony decomposition, we see that 

El = -Riv = -{a - Ta)A,,v - (fi - Tj^) ■ Vd^v + R{-f, d^v). 

Writing (a — Ta)AxV = {a — h? — T^_j,^ 2 )AxV + {hfi — Tj., 2 )AxV, we estimate 
using (3.6) 

||(a — h^ — T^_i,2)Axv\\i^2fjs < ||Ta„,,;(q; — h^)\\i2fjs -|- ||i7(rA„,,;, a — h?‘)\\i2jjs 

< ||Aa;i;||i2ioo||(a - h^)\\i^2us 

'AA ^||r?||^.+ i • 

Since {h? — Tfi 2 ) is a smoothing operator, there holds by Remark 2.10 
||(/l^ - Ti,2)A„v\\l2hs < ||Va;i;||L2i2 < (1 || ?? 11 WL-) 111/-1| ^ 1 <A W'iPWh’^ 

The other terms of Fi can be treated similarly. □ 


The next step consists in studying the paradifferential equation satisfied by 
the good-unknown (see [6] and the reference therein) 


u := V — Thp with b := -A—. 

OzP 

Notice that b\z=o = B. Estimates for b is now provided. 
Lemma 3.2. — For any I d (—1,0], we have 
(3-7) ||6||ioo(/.2,oo) 1, 
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Proof. — We first recall the lower bound (2.11) 

(3.10) d,p > 

Observe that with respect to the L°°-norm in z, p and p have the same Zyg- 
mund regularity, hence 

(3-11) \\'^l,zP\\L‘^{I-Ct*) + 1- 

Next, applying Corollary 2.17 with r = 0 yields 
(3-12) 1- 

On the other hand, recall from (3.6) that 
(3-13) \\'^x,zv\\c{i;Bl^ p ^A 

Using equation (2.13), d'^v can be expressed in terms of ( q !,/ 3 , 7 ) and 
{AxV,'VxdzV,dzv). It then follows from (3.13), (3.11) and Lemma 6.16 that 

(3-14) \\dzV\\c(i-B'^ ^A 


Let us now consider 

d^v = -aAxdzV - dzoAxV - (3 ■ Vxd‘^v - 5^/3 • VxdzV + pdlv + dzpdzV. 
We notice the following bounds 

\\dza\\ 1 + \\dzl3\\ 1 + ||527|| i 1, 


which can be proved along the same lines as the proof of (2.17). 

Then using the above estimates and (6.22) one can derive 

(3-15) II^2^IIc(/;C7^) 

The estimates (3.7), (3.8), (3.9) are consequences of the above estimates and 
the Leibniz rule. □ 


Lemma 3.3. — ITe have 

Pu := d^u + TaAxU + Tp ■ VxdzU — T.ydzU = F 2 , 
where, for all I d (—1,0], F 2 satisfies 

11^2 11 1,2 • 

Remark 3.4- — Compared with the equation satisfied by v in Lemma 3.1, 
the introduction of the good-unknown u helps eliminate the bad term 
which is not controlled in L^H^. 
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Proof. — We will write A ^ B 

From Lemma 3.1, we see that 

(3.16) Pu = Pv - PTbp = - PTbP + Fi 

and Fi ~ 0. Therefore, it suffices to prove that PTbp ~ TydzV. 

In the expression of PTbp, we observe that owing to Lemma 3.2, all the terms 
containing p and 'S/x,zP are ~ 0, hence 

(3.17) PTbP ~ Tbd^p + TaTbAp + Tp ■ TbVdzP- 

Next, we find an elliptic equation satisfied by p. Remark that w{x,y) := y 
is a harmonic function in fl. Then, under the change of variables (x, z) i—>■ 
(x, p{x, z)), (x, z) ^ S = X (—1,0), 

w{x, z) := w{x, p{x, z)) = p{x, z) 

satisfies 

Cp = {pl + aAx + /3 • Vxdz - ldz)p = 0. 

Then, by paralinearizing as in Lemma 3.1 we obtain 

^zP + PaAxP + Tp ■ VxdzP — Tdzpl ~ 0 ) 

where we have used the fact that T.ydzP ~ 0. Consequently, 

Tbdlp + TbTaAxP + TbTp ■ VxdzP — TbTp^p'y ~ 0 . 

Comparing with (3.17) leads to 

PTbp ~ [Ta,Tb]Ap + [Tp,Tb]VdzP + TbTg^p'^. 

By Lemma 3.2, it is easy to check that [Ta,Tb] is of order —1 and 
\\[T^,Tb]Aph2H. <AB\\Axph2H^-i 

In other words, [Ta,Tb]Ap ~ 0. By the same argument, we get [Tp,Tb]^dzP ~ 
0. Finally, since 

TbTa^pl ~ Tbd^p'y = To^vl 

we conclude that PTbP ~ T^dzV. □ 

Next, in the spirit of Lemma 2.14, we factorize P into two parabolic operators. 
Lemma 3.5. — Define 
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SO that 

(3.18) =-i/3 • =-a|ep. 

Set a = A = and R = ToTa — TaA. Then we have 

p = {d,- Ta){d, -Ta)+R 

and for any I d (—1,0], 


Proof. — From the definitions of a, A, we can check that 

, , = -a , 

(3.19) i 

a + A = —ip • ^ + 7 . 

A direct computation shows that 

R = {TaTA - TaA) + {{Ta + Ta) + (T^ ' V - T,)) d, = TaTA - T^A 
by the second equation of (3.19). Now, we write 


TaTA 


TaWTAW +^a(i)^A( 0 ) +^a(o)^A(i) + ^a(o) ^A(o) • 


We have the following bounds 

Ali7‘>) +MI(A») < 7-(h|loj+.)(l + hll 5 ), 

Adi(aW) + >li(AW) <7-(||r/||p2+e), 

22 

>I? 7 »))+>I»i(aI»>) < ^(ll,llc„.)(i +11,11 |), 

22 

Then, applying Theorem 6.5 (ii) we obtain 


l^a(0)^A(0) “ ^a(0)A(0)llj:^M-i^^^ 


< “ 


TaWTy^il) - T, 


(3.20) 


a( 0 )A(i) 


I 1 < H 


\Tate)T^(A) ^a(l)A(Q) IIj:^;a+ jy ) ^ 


ll^a(i)^A(i) ^a(i)A(o) ■dj:Aw\\ ^ 

where H denotes any constant of the form 


< “ 
rs_/ ? 


.F(||r/||^ 2 +e)(l + ||r/|| 5). 

c* 

Therefore, the first equation of (3.19) implies 
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where, we have replaced according to Remark 6 . 8 . 

Finally, writing VxU = VxV — T^^bP — TiyS/xP we conclude by means of (3.5) 
and (3.7) that 

(3.21) \\^xu\\^^^,_i <A ^ { M\h^ + \\v\\jjs+^ } ■ 

□ 

Proposition 3.6. — It holds that 

G{p)'il) = Tx{ip - Tbp) +Tv - Vp + F 

with F satisfying 

I|i"ll^s+1 <aB{Mh^ + \\p\\^,^i}. 

Proof. — A combination of Lemma 3.3 and Lemma 3.5 yields 

{d, - Ta){d, - Ta)u = F2, 
where, F 2 satisfies for all I ^ (—1,0], 

(3.22) <AB{\mH^ + ||r/||^.+ i } . 

The proof proceeds in two steps. 

Step 1 . As in the proof of Proposition 2.30, we fix — 1 < zq < 2:1 < 0 and 
introduce k a cut-off function satisfying k\z<zq = 0, k\z>zx = 1 • Setting 
w = K{z){dz — Ta)u, then 

{dz - Ta)w = G := k{z)F 2U + n'{z){dz - Ta)u. 

We now bound G in L'^{[zq,0]] H^). First, it follows directly from (3.22) that 

(3.23) 

< \\K{z)Ru\\L2(^izofi]-,H^) ^{IIV’IIh-* + lkll^s+1 } =: n. 

Next, notice that p := n'[z){dz—TA)u is non vanishing only for z (z I := [zq, zi]. 
In the light of Lemma 3.2, 

Hence 

ll(^^ “ ^a)i^||l2(7;H“) I|Vx,2'w||l2(/.j^s) <a i -k 

The fluid domain corresponds to is a strip lying in the interior of 

where the harmonic function cf is smooth by the standard elliptic theory. In 
particular, there holds (see for instance the proof of Lemma 2.9, [ 1 ]) 
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Therefore, we can estimate 


\\p\\l^{[zo,0]-,H^) ^ 11(^2 - Ta)u\\l'2([zo,zi]-,H’^) 

^\\v\\rrs+^ + \\'^X,zV\\l^([zo,zi]-,H^): 


<aB{\ 

This, combined with (3.23) , yields 




1 




(3.24) 






}- 


=: n. 


X"+^([zo, 0 ]) 


< 


Consequently, as w\z=zo = 0, we can apply Theorem 6.20 to have ||u>| 
n, which implies 

(3.25) \\dzU — TAu\\ i„ n. 

Step 2. We will write fi ~ /2 provided ||/i - < 11. By paralin- 

earizing (using the Bony decomposition and Theorem 6.12) we have 

1 + I^pI Q^y_^p.^y ^ ri+|vp|2(9^t>+2r6Vp-Vp-r i+ivppS^p-Tvp-Vu-rv^-Vp. 
dzP Lp ^ kp 

Then replacing v with u + T^p we obtain, after some computations, that 

|2 


1 + ivp r 

dzP 


■dzV — Vp ■ Vv ~ T 


l+|Vp| 

dzP 


! dzU — Ts/p • Vu + Tb\/p-\/v ■ Vp. 


Now, using (3.25) allows us to replace the normal derivative dzV with the 
"tangential derivative" Tav^ leaving a remainder which is ~ 0. Therefore, 


with 


Ti^ivp|2 dzU - T^p • Vt( ~ Tau + TbA/p-\/v ■ Vp 

dzP 


A:= A-iVp-i. 


dzP 

One can check that A| 2 =o = A = as announced. On the other hand, 

at 2 = 0, 

hV p — Vv = BVp — S/ijj = V, u = ip — TbP- 
In conclusion, we have proved that 

G{7])ip ~ Txi'ip - Tbp) + Tv ■ Vp. 


□ 
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3.2. Paralinearization of the full system. — 

Lemma 3. 7. — There exists a nondecreasing function J- such that 

H{r]) = T,ri + /, 

where i = with 

(3.26) = + 

and f G satisfying 

II/II//S < J' (||??|Ih/i,oo) ||??|| 5 ||V??||^,_1 . 


Proof — We first apply Theorem 6.12 with u = Vry, yi = s — h and /? = | to 


have 


x/l + lVr/P 

with fi satisfying 


Hence, 


Vr? 1 

' =TpVv + fi, p = 


Vrj (g) Vrj 


(1 + |V7?|2)2 (i + |v??|2)2 


-I - 




<-^(l|Vr?||^oo)||Vr/|| 3 l|Vr?|L 






H{r]) = - div{TpVT] + /i) = Tp^.^_id„p^r] - div/i. 

This gives the conclusion with = pf, ' f,, = —idivp^, / = — div/i. □ 


We next paralinearize the other nonlinear terms. Recall the notations 
Vt] ■ Vijj + G{p)ijj 


B = 

1 + |V7?| 

For later estimates on B, we write 
(3.27) 


V = Vif — BVp. 


Vif + 


1 


rG(r?)V’ 


l + |Vr/p l + |Vr/|^ 

=: K{S/p) ■ ViA + L{Vp)G{ri)fj + G{p)if, 


where K and L are smooth function in L°°(R!^) and satisfy K{0) = T(0) = 0. 
From this expression and the Bony decomposition, one can easily prove the 
following. 


II(^,^)IIbi ^<aB, 
00,1 

II(^,^)IIl- <.4i. 


Lemma 3.8. 

(3.28) 

(3.29) 


We have 
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Lemma 3.9. — We have 

-2 —mwp— 


TyV^P- TvTb • Vr? - rBG(77)V^ + /, 


with f G and 


II/IIh» ^a^IWvWh’^ + IIV'IIh*} • 


Proof. — Consider 


F{a,b,c) = 


1 {ab + c)^ 

2TT 


|2 ’ 


(a, b, c) G R'^ X x R. 


We compute 


daF = 


{ab + c) / {ab + c) 


1 “h Idl 


b- 


1 “t" Idl 


a , dbF = 


{ab + c) 


1 “t" In 


2 U 2 , 


aF = 


Taking a = Vry, 6 = V'i/’, and c = G{ri)'tp gives 

daF = BV, dbF = BVt], d^F = B. 
The estimate (2.38) with r = 0 gives 


{ab + c) 

1 I I |2 • 
1 -|- 0 / 


||(a, 6 ,c)||Loc <_4 1 . 

Next, Proposition 2.20 implies 

II (a, 6, c) 11 ^^.-1 \\v\\^s+^ + IIV'IIh'*- 

On the other hand, the estimate (2.38) with r = 1 implies 

ll(«:^c)||ci <A B. 

Using the above estimates, we can apply Theorem 6.12 with p = 1 to have 

1 (Vp • Vfj - G(r/)V')2 

o1 ■ Vp + Tbvti ■ + TBG{r])'ip + /i, 

2 1 + |Vp| 

with 

ll/i||/r»-i+i ^{ll^llj:^.+ i +II' 0 IIh'*}. 

By the same theorem, there holds 

^ IW^P = Tvp • VtA + / 2 , ||/ 2 ||^rs-i+i B UWhs . 

At last, we deduce from Theorem 6.5 (ii) (with m = m' = 0, p = ^) and the 
estimates for {B, V) in Lemma 3.8 that 

\\{Tbv - TvTb) • Vp||^,_i^i S||V7?||^,_i 

A combination of the above paralinearizations concludes the proof. □ 
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Lemma 3.10. — We have 


Proof. — Applying the paraproduct rule (6.16) gives 


\\To,BV\\Hs<\\dtB\\^_i 


kB\\ _i B. By Theorem 2.22 for 
c, ^ 


■^^-5 

The proof thus boils down to showing ||6 

the shape derivative of the Dirichlet-Neumann, we have 

dt [G{r])'4>] = G{T]){dtilj - Bdtrf) - div{Vdtr]). 

From the formulas of V, B and the definition of G{r])il;, the water waves system 
(1.7) can be rewritten as 

(dti] = B-V-Vr], 

(3.30) < 1 o 1 0 

I = -V -Vip- gi] + -V^ + -B^ + H{g). 

We first estimate using Lemma 3.8 and (6.21) 


\\dw{Vdtr])\\ I < 
c* 

Similarly, we get 


\\VB - ViV • Vr?)|| 1 < \\VB - y(y • Vr?)|bi 
c* 


<A B. 


\\dtip - Bdtr]\\L°° <A, Wdtip - BdtrjWci B. 

Consequently, the estimate (2.39) yields 

\\G{v){dti^ - Bdtg)\\ . <aB, 
c* 

from which we conclude the proof. Remark that the estimate (2.40) is not 
applicable to G{r]){dtip — Bdtrj) since under the assumption (3.1) we only have 
dtif — Bdtrj € 772 + (due to the bad term H{rj)) and not H 2~^2 + , □ 


We now have all the ingredients needed to paralinearize (1.7). 


Proposition 3.11. — There exists a nondecreasing function T such that 
with U := — TbP there holds 


(3.31) 


r dtv + TvVg- TxU =/i, 
\dtU + TvVU + T^g=f2, 


with (/i,/ 2 ) satisfying 


ll(/i,/2)ll 


H‘'+hxH‘‘ 
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Proof. — The first equation is an immediate consequence of the equation dti] = 
G{rj)'ip and Proposition 3.6. For the second one, we use the second equation of 
(1.7) and Lemmas 3.7, 3.9 to get 

- TBG{'q)il) + TviVi/j - Tb ■ Vr/) +Tir] = R 

with 

Next, differentiating U with respect to t yields 

dtU = dt-ip - TbOiT] - Ts^bV = dtif - TBG{rf)ilj - To^bV, 

where the L7®-norm of Tq^bV is controlled by means of Lemma 3.10. 

On the other hand, 

Vip — TbS/t] = VU + Ts/bV 

and by (3.28) 

WTvT^BriWB^ <A WTvBriWBs <A B\\rj\\H^. 

The proof is complete. □ 


3.3. Symmetrization of the system. — As in [1] we shall deal with a 
class of symbols having a special structure that we recall here . 

Definition 3.12. — Given m € R, S"* denotes the class of symbols a of the 
form a = with 

aM(x,^) = F(Vr/(x),0, ^ Fo,{Vr]{x),f,)d^r]{x) 

\ a \=2 

such that 

1 . Ta maps real-valued functions to real-valued functions; 

2. F is a G°° real-valued function of (Cj?) G R'^ x R*^ \ {0}, homogeneous 
of order m in f, and there exists a function K = K{Q > 0 such that 

F{C,f) > KiOlfr, V(C,0 € R-" X R'^ \ {0}; 

3. the FaS are complex-valued functions of (CjO £ R*^ x R'^ \ {0}, homoge¬ 
neous of order m — 1 in f. 

In what follows, we often need an estimate for u from TaU. For this purpose, 
we prove the next proposition. 
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Proposition 3.13. — Let m, p., M ^ R. Then, for all a € S™', there exists 
a nondecreasing function T such that 

(3.32) ( 117)1 ixIIh'' + II^IIh-) 

(3.33) 1^110^*+- < J^iWhWci) (\\Tau\\c^ + IIuII^-m) , 

here T depends only on m, p, M and the functions F, Fa given in Definition 
3.12 of the class S™. 

Remark 3.14- — The same result was proved in Proposition 4.6 of [1] where 
the constant in the right hand side reads 7^(||i?(t))) s > 2 + ^. 

Proof. — We give the proof for (3.32), the proof for (3.33) follows similarly. 
We write a = Set b = Applying Theorem 6.5 (ii) with 

p = £ gives = I + r where r is of order —e and 

(3.34) \\ru\\Hf^+e < F (l|Vr/||cO \\u\\Hr- < F {\\p\\ci+e) \\u\\hi^. 

Then, setting R = —r — we have 

(3.35) (I — R)u = TfTaU. 

Let us consider the symbol having the structure given by Definition 

3.12. Applying (6.22) and (6.24) yields for |q!| = 2 and uniformly for |^| = 1, 

\\Fa{Vp,i)dfp\\c-.+e < \\Fa{Vp,mCl\mv\\cF+e<F{Mc2j. 

Similar estimates also hold when taking ^-derivatives of Faif^p,f,)dfp. Con¬ 
sequently, G and thus by Proposition 6.7, 

\\Ta{m-l)U\\H^-m+e < F{\\p\\c2)\\u\\hi^. 

Because h € Pg"™^ with semi-norm bounded by F{\\p\\(ji+e) we get 

(3.36) \\TbT^(m-i)u\\Ht^+e < F{\\p\\c2)\\u\\hi-. 

Combining (3.34) with (3.36) yields 

\\Ru\\Ht^+e < F{\\p\\c 2 )\\u\\hi^- 

In other words, ii is a smoothing operator of order —e. Now, multiplying both 
sides of (3.35) by 1 -|- ii R^ leads to 

u - R^u = (1 + ii + ... + R^)TbTaU. 

On the one hand, using the fact that R is of order 0, we get 

11(1 -|- ii -|- ... -|- R^)TbTaU\\ff^+m < J^(||r/||(^2)||T6Tat(||jyM-l-ni 

< -T(ll^llc2)l|Ta'«||HM. 

On the other hand, that R is of order —e implies 
\\R^u\\JJ^,+n^ < 7^(||??||c2)lkll 


36 


THIBAULT DE POYFERRE & QUANG-HUY NGUYEN 


Therefore, by choosing N sufficiently large we conclude the proof. □ 


For the sake of conciseness, we give the following definition. 


Definition 3.15. — Let m G R and consider two families of operators of 
order m, 

{A(t) [ 0 ,r]}, {R(t) [ 0 ,r]}. 

We write A ^ B (in Y7^) if A —B is of order m — ^ and the following condition 
is fulfilled: for all // G R, there exists a nondecreasing function T such that for 
a.e. t G [0, T], 

l|.4(() - < .^(IIijWIIc; ) (1 + IlfWIIcB) ■ 

Proposition 3.16. — For any a G S'” and b G S'”^, it holds that 


(in with 


TaTb ~ Te 


i 


Proof. — 1. Since the principal symbol contains only the first order 

derivatives of p, applying the nonlinear estimate (6.23) we obtain 

< .F(||„(*)||c .+.){1 + ||.((*)||^|). 

On the other hand, 

Afi72(a<’")(()) < .F(||„(() 1 L.) 

o* 

and 

Afo”*(»'”’(<))<UII»(()llc;+<)' 

2. The subprincipal symbol depends linearly on d°‘p , |a| =2 and 

nonlinearly on S/p. Hence G and by (6.21) and (6.23) we have 

uniformly for |,^| = 1, 

\\Fa{Vp{t,x),f,)d;fp{t,x)\\^i 

< ||[F„(Vr?(t,.),0 -i"a(0,OR^?(t,-)ll 1 + |i"a(0,OI ll«tr)ll 1 

o* o* 

<-^(hWII 3)h(t)|| 5. 

C * C * 

The same estimates hold when taking ^-derivatives, consequently 

A/”-‘(ol”-‘>{()) < .F(|7(()l| j) ||„(*)ILj . 

C * G * 

On the other hand. 


AC-‘(a("-i)(())<UII>((*)llc>). 
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3. We now write 

TaTf) = -1) + T^(m-l)T^(m'-1) ■ 

Using 1. and 2., we deduce by virtue of Theorem 6.5 (ii) with p = 3/2 that 

< AhWIId+Uii + lliWIlo})- 

The same theorem, applied with p = 1/2, yields 

^ ^{\\'n{t)\\cl ) (l + lh(0ll^5 ), 

Finally, applying Theorem 6.5 (i) leads to 

||T^(m-l)T/(m'-l) + 2 — -^(11^(^)1101 )• 

Putting the above estimates together we conclude that ~ Tc in 5 ]™-+™’'. 

□ 

Using the preceding Proposition, one can easily verify that Proposition 4.8 in 
[1] is still valid: 

nil 

Proposition 3.17. — Let q p gT,' 2 , 7 GS 2 defined by 

| 2\-1 


g = (1 + \d^p\ ) 2 , 

p = (1 + |9a;r/p)“3 -gp(-V 2 )^ 


7 = V^( 2 )a(i) 


+ 


'^( 2 ) 

A(i) 2 


-(9^-9,)v'^(2)A(i), 


where 


P 


(- 1 / 2 ) _ _J_ 


7 


(3/2) 


|g( 0 )^(l) _ ^(l/ 2 )^(l/ 2 ) ^ i5^^(3/2)Q^p(l/2)| 


Then, it holds that 

T i rjn rji rji rj-i rri rji rji /rji 

plx^ljlq, Igle^l-flp, [Ij) 

We are now in position to perform the symmetrization 
Proposition 3.18. — Introduee two new unknowns 

= TpP, $2 = TqU. 
Then $ 1 , 4>2 G L°°{[0,T], and 

dt^i + Tv • V'hi — Ty4>2 = Fi 

dt^2 + Ty • V4>2 + T74>2 = F 2 


r^T,. 


(3.37) 
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where, there exists a nondeereasing function T independent of p, if sueh that 
for a.e. t G [ 0 , T], there holds 

(3.38) + IIV’IIh^} ■ 

Proof. — It follows directly from system (3.31) that <I'i, ^2 satisfy 

f + 2 V ■ V$i — r^<I >2 = Tp/i + Tg^pT/+ [Ty • V, Tpjr/+ iii, 

j dt^2 + Tv ■ V$2 + ^<^>2 = TJ2 + Ta,,U + [Tv • V, Tg]U + R2, 

where 

Ri = {TpTx - T^Tefif), R2 = -{TgTi - T.yTp)r]. 

Let n denote the right-hand side of (3.38). According to Proposition 3.17, 

\\Rl\\H^ + \\R 2 \\H^<n. 

On the other hand, Proposition 3.11 implies 

\\Tpfl\\H^ + \\Tgf2\\H^<U. 

Owing to Lemma 3.8 and the norm estimates for symbols in Proposition 3.16, 
the composition rule of Theorem 6.5 (ii) (with p = 1) yields 

\\[Tv • v,Tp]p\\pp, + \\[Tv • V,r,]t/||^. < n. 

It remains to prove 

+ \\Tdtq\\fjs^fjs 

To this end, we first recall from the first equation of (3.30) that dtp = B—V-Vp. 
Hence \\dtp\\wi,oo B and 

Ml^\dtp^^/^^) + M^oidtq) <A B, 

which, combined with Theorem 6.5 (i), yields 

\\Tdtp(^/p\\pjs +\+ WTatqWn^^H^ B. 

We are thus left with the estimate of ||Tg^p(-i/ 2 ) ll^s+^ According to Propo¬ 
sition 6.7, it suffices to show 

(3.40) MZl^\dtp^-^/^^)<AB. 

Recall that is of the form 

p(-i/2) ^ Fc,{Vp,f,)dfp, 

\a \=2 
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where the are smooth functions in ^ 7 ^ 0 and homogeneous of order — 1 / 2 . 
Hence, 

= E [dtFc.{^v,OKv+ E F^i^V,Odtd^v. 

| a |=2 | a |=2 

It is easy to see that 

M~-^{[dtFjVrj,OKv) <Al- 

For the main term Fa{'^'ij,^)dtd^r] we use the hrst equation of (3.30) to have 

dtd^T] = d^{B- VV^T]). 

Hence 

Wdtd^vWc-^ < \\B-VV,rj\\ci <aB. 

The product rule (6.22) then implies 

M:!(Ta(Vr7,ma“r7) B, 

which concludes the proof of (3.40) and hence of the proposition. □ 


4. A priori estimates and blow-up criteria 

4.1. A priori estimates. — First of all, it follows straightforwardly from 
Proposition 3.18 that the water waves system can be reduced to a single equa¬ 
tion of a complex-valued unknown as follows. 

Proposition 4-1- — Assume that {r],ilj) is a solution to (1.7) and satisfies 

(3.1) . Let 4 >i,<1>2 be as in Proposition 3.18, then 

(h := (hi -I- i^2 = Tpp + iTqU 

satisfies 

(4.1) {dt + TvV + iT.y)^ = F, 

( 4 . 2 ) \\FmHs<AB{M^,^i+\mHs}. 

In order to obtain iP® estimate for 4>, we shall commute equation (4.1) with 
an elliptic operator p of order s and then perform an L^-energy estimate. Since 
-j/(3/2) jg q£ order 3/2 > 1, we need to choose p as a function of as in [1]: 

(4.3) p;= (7(3/2) ) 2 s/ 3 ^ 

and take p = Tp^. To obtain energy estimates in terms of the original vari¬ 
ables p and fi, it is necessary to link them with this new unknown p. 
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Lemma 4-2. — We have 

(4.4) ||vj||l 2 > 

(4.5) Mhs+^ + M\h- M\l^ + WvWl^ + II^IIl 2 - 

Proof. — Recall that p € S®, g € and p G E® since 7 ^ 2 ) g S 2 . The 
estimate (4.4) is then a direct consequence of Theorem 6.5 (i). To prove (4.5) 
we apply Proposition 3.13 twice to get 

\\v\\j^s+i \\T^Tpr]\\^2 + ||r/llL2 > 

UWhs <A II + 11^11^2 . 

Clearly, ||rprp 7 ?||i 2 < ||p ||^2 , hence 

||??||^,+ 1 <yi ||p||l2 + 11711^2. 

On the other hand, 

IIWV'IL2 < \\ t ^ t , u \\ p ^2 + ||r^T,TB7||^2 

< II¥'IIl 2 + llTpTgrBJ^II^a 

I|¥'IIl 2 + ll^llj:^.+ ^ 

ii¥^iIl 2 + ii7||l2- 

This completes the proof of (4.5). □ 

Proposition 4 ■3- — There exists a nondecreasing function T : R"*" —)• R'*’ 
depending only on s,e^:,h such that for any t G [0, T], 

(4.6) ^ litJiii. < + uh- + iiviiiO m\l^ ■ 

Proof. — We see from (4.1) that p solves the equation 

(4.7) {dt+TvV + iT.y)^ = T^F + G 
where 

G = Tbjp<h + [Ty ■ V,rp]$ + i[r.y,Tp]4>. 

First, remark that since d^p-dxJ^^G) = -Qxpwe can apply Lemma 3.16 

twice: once with m = s, m' = |, p=f and once with m=|, m' = s, p=| 
to find 

B. 

On the other hand. Theorem 6.5 (ii) applied with p = 1 gives 

||[r,..V,Tp]|U.^i 2 <^B. 
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Next, we write dtp = L^Vr], ^)i9tVr/ for some smooth function L homogeneous 
of order s in where by the first equation of (3.30) HSfVr/H ]^oo B. Hence 

\\Tatp\\H=^L^ 13. 

Putting the above estimates together leads to 


\\G\\l2 <a13\\^ 


On the other hand, Proposition 3.13 applied to u = <f>, a = p G S® yields 


II^IIh- IIpIIi,2 + WvWl^ + II'0||l2- 

Therefore, 

\\G\\l2 ^(IIpIIl2 + ||i?||l2 + ||i/’||l2). 

On the other hand, (4.2) together with (4.5) implies 

(4.8) IIT^FII^, B{My + + Uh2). 

Now, using Theorem 6.5 (hi) and he proof of Lemma 3.16 we easily find that 

(4.9) \\{Tv • V) + (Tv • V)*||i 2 ^i 2 B. 

On the other hand, according to Proposition 3.17, (T-y)* ~ T^, so 

( 4 . 10 ) \\m)-mr\\L^^L^<AB. 

Therefore, by an L^-energy estimate for (4.7) we end up with (4.6). □ 


Proposition 4 ■4- — Set W = T-C = X . Then, there exists a 

nondecreasing function T : —>■ R“*“ depending only on s,£,t,h such that for 

a.e. t £ [0, T], 

\\W{t)\\lts<P{PHtmwml.+P{P\t)) fB{r)\\W{r)\\jtsdr 

Jo 

with 

P^{t) := sup A{r). 

rG[0,t] 


Proof. — Integrating (4.6) over [0,t] and using (4.4)-(4.5), we obtain 

(4.11) 

\\w{t)f^. <A \\w{t)\\l,y^^, + y\\l, 

<A + ||IT(0)|||,. + f P{A{r))B{r)\\W{r)\\lt.dr. 

Jo 

Recall the system (3.30) satisfied by W : 

( dtp = B — V ■ Vr/, 

I dtif = -V -Vip - gp + + H{p). 
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A standard estimate for each equation gives 

Hence 

< \mO)\\l,,^, + f T{A{r))B{r)\\W{r)\\lsdr. 

Jo 

Plugging this into (4.11) we conclude the proof. □ 

Let us denote the Sobolev norm and the "Strichartz norm" of the solution by 

— ll(^’''^)II£, oo([o,t];H ‘^+2 

(4.12) = ll(??,^)|t=o||^.+ i^^,, 

J^r,T — '^^)llj;^l([o,T];VE’'+2xB^ H' 

We next derive from Proposition 4.3 an a priori estimate for tMg^T using the 
control of 

Theorem 4-5. — Let d > 1, h > 0 and 

3 d 

s>2 + 2’ 

Then there exists a nondecreasing function T : R'^ —>■ R^ depending only on 
{s,r,h,d) such that for allT G [0,1) and all [g^ip) solution to (1.7) with 

(r/,V’)GL-([0,r];R«+5 xR«), 

([0,T]-W^+h--X 
inf dist(? 7 (t), P) > h, 

7G[0,T] 

there holds 

(4.13) Ms^t < JF {Msfl + TF[Ms,t) + • 

Proof. — Pick 

1 .1 3d. 

0 <e < -mm{-,r - l,s- -- -}. 

By Remark 2.10, E{ri,'if) < . 7 ^(||T/||( 27 i+e)||'i/’llj:^^ ■ Therefore, by applying Propo¬ 
sition 4.4 we obtain 

iV4,T<M,,oiL(r)expfiL(r) r(||(r?,V7 />)(t)|| 5^, +l)dt 

V Jo ^ / 
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with 

K{T):=t( sup {\\{r],'^){t)\\^ 2 +e^c, + \\{r],'ijj)\\ i)Y 

^t£[0,T] * L XU 2 / 

Therefore, it suffices to show for all t < T 

ll(^>V’)WllcJ+"xCf + - ^{Ms,0 + TMs,t)- 

By Sobolev’s embeddings, this reduces to 

<7-(M«,o + rM,,T) vt <r. 

Using the Sobolev estimate for the Dirichlet-Neumann in Proposition 2.20 in 
conjunction with Remark 2.10 we get 

(4.14) 

||r?(t)-r/(0)||^.-i < [ ||9jr/(r)||^^.-idr = 

Jo 

Consequently, it follows by interpolation that 

(4.15) 

||r?(i)||^.+ i_, < ||?/(0)||^,+ i_, + ||?7(t) -?/(0 )||^,+ i_e 

< M,,o + ||r?(t) - r?(0)||ry(t) - r?(0)||;^-^, 6 € (0,1) 

<Ms,o + T^J^{Ms{T)). 

The estimate for \\ijj{t)\\jjs-e follows along the same lines using the second 
equation of (1.7) (or (3.30)) and interpolation. □ 


\\G{r^irmr)\\Hs-idT <TTiM, 


s,T) 


4.2. Blow-up criteria. — Taking a > 2 + | and 

(4.16) (r/OjiAo) G X dist(r7o, T) > h > 0, 

we know from Theorem 1.1 in [1] that there exists a time T G (0, oo) such that 
the Cauchy problem for system (1.7) with initial data {'i]o,ipo) has a unique 
solution 

(r?,^^) GC([0,r]; 77^+1 xF") 


sup dist(r/(t),r) > -. 
te[o,r] ^ 


satisfying 
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The maximal time of existence T* > 0 then can be defined as 
(4.17) 

T* = T*{r]Q,'ipQ,a,h) := supjr^ > 0 : the Cauchy problem for (1.7) with data 
satisfying (4.16) has a solution (r/,'0) G C{[0,T']; x H^) 

satisfying inf dist(77(t), T) > 0 > . 

[0,T'] J 

It should be emphasized that T* depends not only on (%)V’o) ^-nd a but also 
on the initial depth h. By the uniqueness statement of Proposition 6.4, [1] (it 
is because of this Proposition that we require the separation condition in the 
definition (4.17)) the solution is defined for all t <T* and 

which will be called the maximal solution. 

We recall the following lemma from [49] (see Lemma 9.20 there). 

Lemma 4-6. — Let // > 1 + |. Then, there exists a constant C > 0 such that 

+ ll^llci) In (e + ||n||^^) 

provided the right-hand side is finite. 

Proof. — For the sake of completeness, we present the proof of this lemma, 
taken from [49]. Given an integer N, we have by the Berstein inequality 

N 

E 

j=0 j>N 

< (JV + l)||a||c, + 

j>N 

Asl + ^ — /x<0, it follows by Holder’s inequality for sequence that there exists 
C > independent of N such that 

|[^^|Ib^ ^ < (A^ + l)||tt|[ci + ^”2 ^ ‘ 2 '\\\u\\Hr + e). 

Choosing N rxj ln(e + ||u||h'') so that 2 ^ ^^dl'^^j] + e) ~ 1, we obtain 

the desired inequality. □ 

Proposition 4-7. — Let d > l,h > 0, a > 2 T > 0. Let 

{p, fi) G C([0, Tj; 77'"+^ x H^), inf dist(r/(t), P) > /i > 0 

te [OiY] 
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be a solution to (1.7). Fix € (0, cr—| —|). Then there exists a nondeereasing 
function T : R”*" —>■ R'*' depending only on {a,et:,h,d) such that 

mIt < J^{P\t)){Ml^ + - 2e 

with 

Q{r) := 1 + ||VV^(r)||ci + Mr)\\^ 2 +e,, 

P^{t):= sup {\\r]{r)\\^ 2 +e, +\\S/^|J{r)\\so^^+'H{0)). 

rG[0,t] 

Proof. — Recall the definition of A{t): 

At) = Il?/llc2+®* + + P{hA)- 

Proposition 2.12 tells us 

E{ri{t),'tp{t)) < [ 'ipG{T])'if, 

hence 

\\r]\\L 2 + E{7J, Tp) < n{t) = 'H(O), 

P{t) being the total energy (1.9) at time t. Here, we remark that the conserva¬ 
tion of P follows by proving -^Pit) = 0, which can be justified under our the 
regularity P^. Therefore, Proposition 4.4 applied with s = a > ^ ^ yields 

(4.18) \\W{t)f^. < PiP\t))\\W{0)\\l^.+P{PHt)) fB{r)\\W{r)f^.dr 

Jo 

with 

P‘^{t)-.= sup {\\r]{r)\\^ 2 +e, +\\V'ip{r)\\^o +P{0)). 

rG[0,t] 

Next, as Vi/’ G with s — 1 > 1 we can apply Lemma 4.6 to have 

< C{l + \\V7P\\ci) In {b+Mh^) < C{l + \\V7P\\ci) In {2e+\ml.). 
Consequently, 

B{r) < C(1 + ||ViA(r)|bi + ||r?(r)||^2+e*) In (2e + \\W{r)f^.). 

In view of (4.18), this implies 

\\w{t)\\i. <p{p\t))\\wmA+ 

P{P\t)) f Q{r) In (2e + \\W{r)\\l.) \\W{r)\\ls dr 
Jo 

with Q{r) := 1 -|- ||V?/)(r)||(;7i -|- ||r7(r)||^2-i-e,. Finally, using a Gronwall type 
argument as in [11] we conclude that 

\\W{t)\\l^.<P{P\t)){\\W{ml^<^+‘^e) exp -2e. 
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□ 

Remark Jf..8. — Using (4.18) and Gronwall’s lemma we obtain the exponen¬ 
tial bonnd 

Jo 

provided cr > | -|- | only. 

Theorem 4-9. — Let d > l,h > 0, and a > 2 + ^. Let 

(r/o,'0o) e X i?'", dist(?7 o,r) >/i > 0. 

Let T* = T*{r]o,'ijjo,a,h) be the maximal time of existence defined by (4.17) 
and 

(4.19) (r?, fi) G L°° ([0, T*); x 

be the maximal solution of (1.7) with prescribed data If T* is finite, 

then for all e > 0, it holds that 

(4.20) PfiT*) + £ Qfit)dt + = +00, 

where 

Pe{T*)= sup \\r]{t)\\f^ 2 +e + \\Vfi{t)\\j^o , 

tG[o,r*) ‘ “’1 

Qeit) = ||??(t)|| 5+, ||VV'(t)||ci, 

C7* 

h{T*) = inf dist(?7(t), r). 

tG[0,T*) 

Consequently, ifT* is finite then for all e > 0 

(4.21) P^{T*) + £ Ql{t)dt + ^ = +CX), 
where 

P^{T)= sup Ut)\\c 2 +e + \\{V,B){t)\\B 0 
te[o,r] 

<?2(i) = ll'?(‘)IL j+, + ll(r,B)(t)||c... 

Proof. — Suppose that T* < -|-oo and for some e > 0 

pT* 

K~PfiT*) + j^ Qfit)dt+-^^<+<x>. 
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Let T € [0, r*) be arbitrary then h{T) > h{T*) > 1/K >0. As cr > 2 it 
follows from Proposition 4.7 that 

(4.22) + ^(0) + Pe{T) + ^ Qe{t)d^ =: L 

for some increasing function T : R”*" —> R"*" depending on 1/iL. On the other 
hand, from the a priori estimate in Proposition 5.2, [1] we deduce that the 
existence time for local solutions can be chosen uniformly for data lying in a 
bounded subset of X and satisfy uniformly the separation condition 

{Hq). In particular, call Ti be the time of existence for data in the ball B{Q, L) 
of X whose surface is away from the bottom a distance (at least) 

1/K. Choosing r]{T* — ^) as such a datum we can prolong the solution up to 
the time T* + ^. This contradicts the maximality of T* and thus the blow-up 
criterion (4.20) is proved. 

Finally, (4.21) is a consequence of (4.20) and the facts that 

+ 

□ 


C\\B\\so^jVv\\ct*, 


(4.23) 


IIvV’IIri , < 


Now we give the proof of Corollary 1.5 which is stated again for the reader’s 
convenience. 

Corollary 4 .IO. — Let T G (0,-|-oo) and he a distributional solution 

to system (1.7) on the time interval [0,r] such that inf[o,T] dist(r7(t), P) > 0. 
Then the following property holds: if one knows a priori that for some Eq > 0 

(4.24) sup||(r/(t),Vi/;(t))|| 5+ ^ <+0° 

[0,T] C* xC-i 

then {r]{0),ip{0)) G implies that G L°°{[0,T]] . 


Proof. — Take <7 > 2-|-1 be arbitrary, it suffices to prove that if {rj{0),ip{0)) G 

X then G L°°([0, T]; x H^). Since cr > 2-|- according 

to the Cauchy theory in [1] one has a maximal solution 

(ry,i/;) GL°°([0,r^);R'^+l x H^). 


By the uniqueness statement of this Cauchy theory, we only need to show that 
Tfj > T. Suppose that Tfj < T < -|-cx) we get by applying (4.21) that for all 


e > 0 


sup IK??, V'0)(t)|| -h 

C'* xCi 


1 


= -|-oo. 
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On the other hand, by our assumption, h{T') > h{Ta-) > h{T) > 0 (by the 
assumption) for all T' < T^, hence for all e > 0, 

sup ||(??,VV')(t)|| 5+, =+oo, 

c* xCl 

which contradicts (4.24). □ 


5. Contraction of the solution map 


Our goal in this section is to prove a contraction estimate for two solutions to 
(1.7) in weaker norms. This will be used in the proof of the convergence of 
the approximate scheme and in establishing uniqueness for the Cauchy theory 
in our companion paper [23]. On the other hand, the proof will make use 
of the Strichartz estimate in the same paper. To get started, we have by 
straightforward computations the following assertion: (ry, tp) is a solution to 
system (1.7) if and only if 


[dt + TvV + C) =/(r?, 


Ip) 


with 

(5.1) C -.= 
where 


/ 0\ / 0 -Ta\ 7 / 0 
Tb I \Ti 0 j \-Tb I 


■= 


I ?)(«■ 


/i(jy,^) = G{r])'t{j - {Txi'ip - Tbt]) - Tv ■ Vry), 

(5,2) = + 

J 2' 2 1 + |V?7|2 

+ Tv -Vip - TbTv ■ Vry - TBG{r])'4) - i7(ry) + T^ry - gr]. 

Assume that (ryi,^i) and {r]2,'4’2) are two solutions of system (1.7) on [0,T] 
and satisfy 

G ([0,T];77®+^ x 77®) O ([0, Tj; x , j = 1,2 

with 

3 d 
®>2 + 2’ 

Assume in addition that there exists h > 0 such that 


sup dist(ryj(t), T) >h j = 1,2. 
t£lO,T] 
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Denote for j = 1,2 


(5.3) 


Set 


K.« = 

^r,T — 


ll(^ ) V' )IIx,p([0,T];VF’’+2 




X * 


Sr] = r]i-r]2, Ji/'= i/'i --02, SB = Bi - B 2 , 5V = Vi - V 2 . 

Define the following quantities 

Ps{t) = + ||(5V’(i)ll^s-3 , 

Pnit) = \\Sr]{t)\\^r-i + \\Silj{t)\\ s , 

(5.4) 

Ps,T = II^s|Iloo([0,T]) > Ph,t = ll^s|lLP([0,r]) > 

P{t) = Ps{t) + Pnit), Pt = Ps,T + Ph,t- 

Notation 5.1. — Throughout this section, we write ^4 < il if there exists a 
non-decreasing function F : R+ —> R+ such that A < F{M^rp, M^j.)B. 


5.1. Contraction estimate for /^. — Recall that we consider B, V as 
functions of defined by (1.8). 

Lemma 5.2. — ITe have for a.e. t £ [0,r] 

\\5B{t)\\ r+\\dV{t)\\ ^<P{t). 

c* c* 


Proof. — Assume the estimate for SB. We have 

5V = VSfj - SBVrji - B2VSrj. 


Obviously, 


l|v<5V'(t)IL 1 < 


c. 


c. 


< 




On the other hand. 


\\B 2 VSv{t)\\ 1 < \\B 2 VSrj{t)\\L^ < \\Srj{t)\\w^,^ < Pnit) 

c* 

From the product rule (6.22) for negative Holder indices , we deduce 

WSBVrnm.^ < \\SBm-^ l|Vr?i(t)|| <P(t) 

C* G* G* 
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with e > 0 sufficiently small so that ||Vr/i(t)|| < C ||Vr/i(t)|| j,_i . There- 

fore, we are left with the estimate for 6B, for which we use again the formula 
(3.27) 

B = K{Vrj) ■ Vip + L{Vr])G{rj)iP + G{r])^|; 

where K and L are smooth functions, vanishing at 0. Observe that G{r]) has 
order 1, hence these three terms have the same regularity structure. We give 
the proof for the second one since it is a product with the Dirichlet-Neumann 
operator 


L(V7?i)G(r?i)V^i - L{SIr]2)G{r]2)'4)2 = [L{Vr]i) - L{V'q2)]G{r]i)'il)i 

+ L(V??2)[G(r?i)V^i - G(??2)V'2]- 

Let us consider the more difficult term L(V7/2)[G'(f?i)V’i “ G'(^2)V'2- By means 
of the product rule (6.22) it suffices to estimate the O* ^ norm of 

G{rii)'ipi - G{r]2)'ip2 = G{rii)6'tjj - [G{7]i) - G{r]2)]'ip2- 
The Holder estimate (2.40) together with Remark 2.10 implies that 

\\G{m)s^P \\< II^V’ll 1 + ^ II^V’ll 1 + 


c* 


CJ 


where we have used the fact that s > 2. 

For the second term on the right-hand side, we apply Proposition 2.22 to have 

(5.5) [G{r]i) - G{r] 2 )]'ip 2 = j ^G{^{m))[B5r]{t)) + dw [V{m)5r]{t))'^ 

where ?j{m) = r]i + mdrj, B{m) = B{?j{m),'ijj 2 )i V{m) = V{rj{m),'ip 2 )- Theo¬ 
rem 2.6 applied with a = s — 2 then yields 


(5.6) 


||[G(7?i) - G(?72)]V'2||h'>-2 


VWh^-^- 


The embedding ^ ^ C* ^ then concludes the proof. 


□ 


We introduce the following notation. 

Notation 5.3. — Let / : C'^ be a function of u, we set 

duf{u)u = -I- Eii) - f{u)}. 

£->■0 

Proposition 5.4- — With defined in (5.2), it holds for a.e. t € [0, T] that 

- /^(r?2,V'2)(t)||^._3 < P{t). 
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Proof. — It suffices to prove that 
(5.7) 






< 

rsj 




We have /^(ry, fj) = Ii + I 2 + I 3 with 




-3+1 


c* 


Ii := H{r])+Tir], 


h ■■= 


1 2 , l{VirVi, + G{riW 

2 ' ^2 1 + |V77|2 


+ Ty • V'i/’ - TbTv • Vr/ - TBG{r])'ij;, 


h ■■= -gv- 


Observe that d^Ii = d^/3 = 0. The estimate for dr^Isf] = —gf] is obvious. Ob¬ 
serve that Ii and I 2 are the remainder of the paralinearization of nonlinear func¬ 
tions in Lemmas 3.7 and 3.9, respectively. Putting f{x) = x G 

we have —H{r]) = div/(V7/). Since 

-d,/(V77)l? = /'(V7?)V7), 


it follows that 


- dr,H{r])g = dw{f'(yr])S/)g + f{S/r])V • Vg. 

U sing the Bony decomposition we get 

drjH div(f' {\/r])^)g + + 7? T—ig -\- R 

with ||R||j:^s- 3/2 < llryllji^s-i + ||??||(^’'-i. The Leibnitz rule then implies 

drjh{g)g = T^g + R, 1 := dr,ig, 

so we only need to show that ||r^r7||j;^s-3/2 < ||77||j|^s-i + ||?)||(^r'-i. Indeed, observe 
that i is of the form 

3 

i = Fi (Vr?, O^g + F 2 {yg, O^^g + Fsi^g, O^g^^g =■ E 

i=i 

where Fj, j = 1, 2, 3 are smooth in R'^ x R'^ \ {0}, Fi is homogeneous of order 
2 in f and +2, F 3 are homogeneous of order 1 in f. By virtue of Theorem 6.5 
(i) and Proposition 6.7 we see that to obtain the desired bound for ||T^?7||j:^s-3/2 
it suffices to prove for j = 1,2,3 

sup ||5fGi(-,0llL- + sup ||9fHalier' 
l«l=i l«l=i 


Va G N'^. 
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This is true because (assuming without loss of generality that Fj{0,^) = 0, for 
all uniformly in |^| = 1 , 

\\F 2 {Vv)S/m^-r < ||F 2 (Vr?)||ci+e < Mcr-i s G (0,s- ^ - ^), 

||i"3(V7?)Vr)V\||^-i < ||F3(Vr?)V7)VM|^^ < ||7)||^i,^ < ||7)||^.-i . 

We have shown the desired estimate for Ii. By inspecting the proof of Lemma 
3.9, the estimate for the Lf®“^/^-norm of drjl2V + can be obtained by 

the same method. □ 

5.2. Contraction estimate for /^. — Our goal in this subsection is to 
derive the following estimate. 

Proposition 5.5. — With defined as in (5.2), it holds for a.e. t G [0,T] 
that 

- f^{V2,'ip2){t)\\jjs-i < Pnit) + Psit)Q{t) 

with 

2 2 

(5.8) Q{t) :=l + J2Hit)\\ r+i + X] • 

j=i j=i 

The key point is that the preceding estimate is tame with respect to the highest 
Holder norms. Proposition 5.5 will be a consequence of 

(5.9) < ||?)||h'=-i( 1 + ll^ll .+ 1 +M\ci) + ll^llcr^ 

c* 

for all r] G fl and 

(5.10) II d^/^(r7, 'fi)'lp\\Hs-l < IIV’ll^.-3 (l + ll^ll^r+l ) + ll^ll^r-3 

for all eH^n Cl- 

Lemma 5.6. — The estimate (5.9) holds. 

Proof. — From the definition of and Proposition 2.22 we have 
dr,f^{v,ip)ri = -G{Br]) - div(H? 7 ) 

- “ '^BP) - TfiT^p - TxTbtj - TyVp - TyVij} 

5 

i=i 
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where B := drjB(r],'ip)'q (similarly for V, A) and 

h-=TyVri, I2 :=-Wi]+ TvVfi, I3 :=- Tbv), 

h := h ■= -G{Bf,) - (div V)v + T^TeV- 

1. For I 2 we write I 2 = —T\/^V — R{'Vr], V) and use (6.11), (6.18) to estimate 

ll^ 2 ||j,.-i < IIv?)||l- < ll^illcr^ • 

2 . Let us study B and V. For the former, the only nontrivial point is 

(5.11) dnlG(?])'ipjji = -G(r/)(B?i) - div(VTi). 

It holds that 

\\dr,[G{T])^|J]^i\\Hs-2 < llhlln-i + II^^IIh-1 ^ II^IIh-1 ■ 

Therefore, ||i?||j|^s -2 < ||hllHs-i- This, together with the relation V = 'Vijj — 
B\/r], implies 

||i?||j^s-2 + ||F||jys-2 < ||?)||jys-l. 

A a consequence, the paraproduct rule (6.14) gives (keep in mind that s > 

i T f) 

Similarly, 

\\h\\H--i < WT^tiWh’^ ^ \\B\\Hs-2\\r]\\^,+ i < 

3. For I 3 one estimates A exactly as for I in the proof of Proposition 5.4. 

4. For I 5 we follow [1] using the following cancellation in Lemma 2.12, [1] 
whose proof applies equally at our regularity level: 

G{v)B = -dwV + R, < 1. 

On the other hand, applying Proposition 3.13 in [3] with e = ^ a = s — ^ we 
obtain the following paralinearizations 

G{rj){Bi^) = T^wBv + F{ri, B^q), G{q){B) = T^^qB + F{q, B) 

with 

\\F{q,Bq)\\H.., < ||77||^._i , \\F{q, B)\\^.., < 1. 

Then plugging these paralinearizations into the expression of I 5 gives (see [1] 
pages 482 — 483 for details) = R + J 2 with 

Ji = -T^(i) (Bq - Tet] - T^B ), 

J 2 = T^(o)TEq + m,T^(i)]B + T^F{q,B) + {q - R)dwV - F{q,Bq) - T^R. 
Using (6.12) we estimate 
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For J 2 we only need to take care of the commutator r^(i)]i?. Since 
~ 1 if suffices to prove that [r^,T_;^(i)] has order 0 and map 
—>■ with norm bounded by the right hand side of (5.9). This is in 

turn a consequence of Theorem 6.5 (ii) and the fact that r — 1 > 1. □ 

Finally, we prove 

Lemma 5.7. — The estimate (5.10) holds. 


Write B = V = Since is linear with respect to ijj we 

get 

V’)^ = Giv)'^ - Txi^P - ' V?? =: R{r], ^). 

Estimate (5.10) means that R has order —1/2 with respect to ^|^ and map 
j^s-z /2 }js-i Proposition 3.6 shows that R maps to 

Here, we will follow the proof of Proposition 3.6 except that the good unknown 
will not be invoked. Lemma 5.7 is a consequence of the following. 

Lemma 5.8. — Let d > 1, h > 0 and 

3d 
"^>2 + 2’ 

Then there exists a nondecreasing function T : R'*’ x R"f —>■ R’f such that for 
any rj € satisfying dist(? 7 , F) > /i > 0 and € dd® n C"”, there holds 

(5.12) 

\\Gir])fj - Txi'if - Tbv) - Tv ■ Vv\\hs-i 

< T{ ||(?7,^)||^,+ i^^J |||V'll^.-3 (1 + hll^.+ i + ll^llcj) + llV'll^.-aj . 


Proof. — We first apply Theorem 6.5 (i) to have 

\\TxTBrj\\H.-i + \\Tv ■ < T[ ||(r?, V’)ll^.+ i ) {l 

On the other hand, as in Lemma 5.2 it holds that 


^11 1 + 

c* ^ 


c. 


1^11 -1 + 
c* ^ 


<.r(||h,^)|| 

c* 


xH‘ 


){' 




Therefore, the proof of (5.12) reduces to showing 
(5.13) 

\\G{v)f2-Txf2\\j,.-^ 






-1(1 + 


r+A + 

Cl ^ 


\C\ 


r) + 
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To this end, let (p be the solution to (3.4). Let v be as in (2.12), which satisfies 
equation (2.13). 

Let zq € ( — 1,0) and denote J = [zqjO]. Let LI denote the right-hand side of 
(5.13). Again, to alleviate notations, we will write A< B provided 


According to Proposition 2.18 and Remark 2.10 (notice that s — | > ^), there 
holds 

(5.14) 


_i < 






C(J;C* ^) ■ ."" " .C* 

On the other hand, applying Proposition 2.11 with <7 = s — | > —^ gives 


(5.15) 


I a:,2 


< 




We will write gi 92 if the LI-norm of gi — g 2 is bounded by LI. As in 
Proposition 3.3, we set 

P := + TaAx + ^xdz — T^d^- 

In view of equation (2.13), we have 

0 = [d^ + aAx -I- (5 • Vxdz - ^dz)v = Pv + Qv 

with 

Qv := [Ta„(q; - h^) + R{Av, a - /i^)] -|- [{h^ - Tf^ 2 )Axv] + 

[Tvd^v(3 + R{ydzv,(3)] - [Ta^xi + R{dzV,^)]. 

For the first bracket, we use (6.16), (6.12) and (5.14) to have 


\TAvia - 


.3 -|-||i2(Ar;, a — h?)\\ 


„ , 3 < ||Ai;|| 3 a — m — ff- 


'L^H^ 2 " • 2 - "L°°C^ 

The other terms can be estimated along the same lines. Consequently, 

Pu ~ j 3 0. 

Next, with two symbols a, A defined in Lemma 3.5, the proof of Lemma 3.5 
shows that 

Pv = {dz - Ta){dz - Ta)v + [ToTa - TaAx)v. 

According to the symbolic estimate (3.20) and Theorem 6.5 (ii), (TaTA — T^Ax) 
has order ^ and 


||(T„rA-r„A,)i;||^^^,_3 < (1+||7?1| 5)||Vi;|| 

owing to (5.15). We have proved that 

{dz - Ta){dz - Ta)v 


^ (1+||??|| 5)||V'||^2j|^,_3, 


3 0 


r\j 
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which implies 

{dz — Ta){dz — Ta)v ~ys-i(j) 0. 

With this result, one can follow exactly Step 1. of the proof of Proposition 3.6 
and obtain for some I = [ 2 : 1 , 0 ), zi G ( 2 : 0 , 0 ) that 

(5.16) \\d^v - < n. 

This allow us to replace the normal derivative d^v with the "tangential deriva¬ 
tive" Tav, leaving a term 0. Therefore, we deduce by using the Bony 

decomposition and the estimates (5.14)-(5.15) that 

1 ~\~ I I ^ 

- q ^ d^v - Vp-Vv ^i+ivp|2 dzv - TsjpVv 

dzp 

Ti+|vp|2 rAn - T^pVv 

dzP 

- T^pVv 

dzP 

with A = A — iVp ■ ^ satisfying A| 2 =o = The proof of (5.13) is 

complete. □ 


5.3. Contraction estimate for the solution map. — In views of the 
notations (5.2), (5.4) and (5.8) , we have proved in subsections 5.1, 5.2 the 
following result for a.e. t G [0,T], 






3 iPHit)+Ps{t)Qit)) 


Consequently, this together with Lemma 5.2 implies that the difference of two 
solutions satisfies 


(5.17) 


{dt+Tv,-V + Ci) 


St] 

Sip 


(5.18) ||(<?i(t),52(i))||^,_,^^._3 <.F(M,V,M2r) (Pnit) + Ps{t)Q{t)) ■ 


5.3.1. Symmetrization. 
the symmetrize!' 


Now, as in Section 3.3 we symmetrize (5.17) using 


5i = ( 


0 


■^91 


/ 0 

-Tb, I 


The dispersive part L. Recall the Definition 3.15 on the equivalence of two 
families of operators A{t) and B{t), t G [0, T]: A ^ B if 


||A(t)-i?(t)|| 




3 < p 
"2 “ 


(ikWIlp.*^ (i + ll'?(t)ll 
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By virtue of Proposition 3.17 we obtain 


Tpi 0 
0 Tqj 


_ T,, 


I 


0 


0 


'91 


I 0 

—Tbi IJ \Tb^ IJ \Ti^ 
0 -Tx, 


'^1 


0 


0 


T T 


^71^91 1 _ 


0 -T- 


T. 


71 


71 


0 


-Tx, 

0 


Tp^Txi 


Tp^ 0 
0 Tq, 


Consequently (see (5.1) for the definition of C) 


SiCi 

Therefore, if we set 


0 -T. 


71 


-71 


Tpi 0 

0 Tq^ 


I 0 
-Tb, I 


:= Tp^6v, $2 := Tq^{S^ - TbM, 


then $ 1 , < 1>2 satisfy 


SiCi 


5ri 

6 ip 


-7^1 ^2 


meaning that 
6 r]^ 


SiCi 


Sip 






it) ( 1 + wviim^.^ ] Psit). 


The convection part dt + T\q V: one proceeds as in the proof Proposition 3.18 
and obtain 


5i (dt + Tv, ■ V) = (dt + Tv, • V) +R = {dt + Tv, • V) (J') +R 

Psit). 


^,+ 1 + mWcr 


where the remainder R verifies 

||i?(i)ll^._i^^._3 <-F(m,V,m 2 ^) (i + 

A combination of two parts yields 

dt^i + Tv, • Vd>i — T^,^2 = Fi P Gi 
dt^2 + Tv, • Vd>2 + T7i‘h2 =^2 + ^2 


(5.19) 


where for a.e. t € [0,T], 

(5.20) 

||(Ti,F 2)||^,_3^^,_3 <T-(M,V,M2r) (l + ||r?i||^,+ i +||V’i||c.)Ps(t) 
<FiMlT,MlT)Qit)Psit), 

and from (5.17) 

(Gi\ ^ ( Tp,a^ \ 

\G 2 ) \Tq,ig 2 -TB,gi))- 
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It follows from (5.18) that {Gi,G 2 ) also satisfy 

(5.21) ||(Gi,G2)||^._3^^,_3 <7-(M,V,m2^) [PHit)+Psit)Qit)). 
5.3.2. Contraction estimates. — Put <I> := <I>i + then 

(5.22) dt<l> + Tv, ■V<l> + iT.y,<l> = F + G:= {Fi + m) + (Gi + iG2). 

We are now back to the situation of Proposition 4.1: we shall conjugate (5.22) 
with an operator of order s — 3/2 and then perform an L^-energy estimate. As 
in (4.3), we choose 


Pi = (^f/2))2(-i)/3^ = 

After conjugating with Tp,, one obtains 

(5.23) {dt +Tv,-V + iT^, )^ = Tp,{F + G) + H 


with 

H := + [Tv, • V,rpJ$ + i[T^„Tp,]^. 

It is easy to see as in the proof of Proposition 4.3 that 


^ ^ ||//(t)|| 3 < J-(M,V,M2^)Q(t)||4>(t)|| 3 

(5.24) 

< F {Ml^, mIt) Q{t){Mt)\\L^ + 

where we have applied Lemma 3.13 in the second line. 

On the other hand, from the estimates (5.20), (5.21) for F, G we get 


(5.25) \\Tp,{F + G)\\^,<F{mIt,mIt) {Pnit) + Psm{t)). 

Now, multiplying both sides of (5.23) by ip and using (5.24), (5.25), (4.9), 
(4.10) lead to 


dt 




X 


Puit) + Q{t)Ps{t) + Q{t) ||‘h(t)||j ;^2 


IIAi)lli=+Q(‘) llvWlli.}- 


Notice that 


||cl>(t )||^2 < P (M,V, mIt) Psit), r Q{t)dt <T + TF + Z^t), 

Jo 
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with ^ = 1 — I > 0 (recall the notation Z^^j, in (5.3)). Gronwall’s lemma then 
implies (see Notation 5.4) for all t < T <1 


(5.26) 


where 


L 2 <J^(...) ||(/5(0)||^2+ / [Q{rn)Ps{rn) + PH{rn)]drn 


< F{...) (||<^(0)||i2 + tI' [(1 + + zIt)Ps,t + Ph,t\) 


< 


P{...){Ps{<^)+T7Pt) 


P{...) = P (M,V, MIt, Z^t, zIt) . 

We want to show that ||(5?7, (5'0)|| ^-3 is also controlled by the right-hand 

side of (5.26). To this end, one uses again Proposition 3.13 to have 

II^^IIh-1 ^ \\TpTp5r]\\^2 + : 

< \\TpT,5i:\\^, + • 

Then, in view of (5.26) it remains to estimate ||5?7|| _ i and _ i. Indeed, 

we write 


||5r?(t)||^_i < ||(5ry(0)||^_i -h ||(5r?(t) - (5r/(0)|| 




< ll'5??(0)||^_i -h 


Jo 


m 


<||-5??(0)|| i+T sup 

" t6[0,T] 


dt 


5r]{t) 


1 

H-^ 


H~^ 


The last term can be written as 

^(5r/(t) = G{r]i{t))il;i{t)-G{r]2{t))il;2{t) = G{r]i)6Tp+[G{r]i{t))-G{r]2{t))]'il;2{t). 

The Sobolev estimate for the Ditichlet-Neumann operator in Theorem 2.6 ap¬ 
plied with (7 = h gives 


l|G'(r/i)(5i/'||^_i < 


1 < 




On the other hand, according to (5.6) 

||[G(r/i) - G(772 )]i/’2||l2 < ||[G(? 7 i) - G(772)]iA2||h'*-2 < ||<5??||//=-i• 
Therefore, 

\M\H-^<¥vm^-^,+TPs,T. 

Using the second equation of (3.30) and arguing as above, we find that 

+ TPs,t- 


H~h ~ 












60 


THIBAULT DE POYFERRE & QUANG-HUY NGUYEN 


Putting the above estimates together, we end up with 


(P5(0) + rp'P(t)) , 


which implies (recall that we are assuming s>| + ^,r>2) 
(5.27) Ps,T < T (M,V, (Ps(0) + TP Pt) . 


Observe that (5.27) is an a priori estimate for the Sobolev norm of the differ¬ 
ence of two solutions. To close this estimate, we seek a similar estimate for 
the Holder norm, z.e., for Ph,t- This is achieved by applying the Strichartz 
estimates in our companion paper [23] to the dispersive equation (5.22). Ac¬ 
cording to Theorem 1.1 of [23], if n is a solution to the problem 


{dt + Tvi-V + iTj^)u = / 


with / G L°°([0,r];77‘"), a G R, then it holds that 


(5.28) 
where, 

(5.29) 


{ /r = ^, p = 4 when d = 1, 
p = 2 when d> 2. 




) 


Applying this result to u = with o" = s — | leads to 


1^11 s 3 ^4-,j 


3 ^1 3 


<P{zy)[\\F + G\\^ 

This, combined with (5.20) and (5.21), implies for any 2<r<r'<s— 

1‘^IL <T-(M,V,M2^,ZpV,^pV) {PT + m 


'LPW^ 


'L^W 


By interpolating between r' and some lower index, we gain a multiplication 
factor of the form T*^, d > 0 on the right-hand side. Then using the symbolic 
calculus in Theorem 6.5 to go back from $ to 5rj, dtp we obtain 

(5.30) Ph,t < F (M,V, mIt, Z^^, Z^t) T^Pt- 

Combining (5.27) and (5.30) we end up with a closed a priori estimate for the 
difference of two solutions of (1.7) in terms of Sobolev norm and Strichartz 
norm: for any T < 1, there holds 

Pt<F (M.V, mIt, Zl^T, zIt) (^5(0) + T^Pt) . 


This implies Pt^ < F{...)Ps{Q) for some Ti > 0 sufficiently small, depending 
only on F{...). Then iterating this estimate between [Ti, 2Ti],..., [T — ri,T] 
we obtain the following result. 
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Theorem 5.9. — Let {rjj^il^j), j = 1,2 be two solutions to (1.7) on I = 
[0, r], 0 < T < 1 such that 

G 77^+5 (R'^) X R"(R'^)) n LP(/; ll^’'+i(R'^) x R^^’°°(R'^)) 

with 

, . 3d d 

(5.31) 2<r<s-- + ^; 

where p are given by (5.29) and such that infjgjo,T] dist(7/j(i), F) > h > 0. 
Set 

^S,T II xlfs)’ ^r,T 

Consider the differences dp := pi — ri 2 , 5V’ ■= V’l “ '02 o,nd their norms in 
Sobolev space and Holder space: 


Pt := II (5r?, 50)11 , , . 3 + ||(5r?,50)|| , 


Then there exists a non-decreasing function T : R''“ x R 
only on d, r, s, p, p, h such that 

Pt < Ph {mIt. mIt, Z^,t, zIt) II {^9, m lt=o II... , ..._ 3 


-1,00x14/ 

> R”*" depending 




Remark 5.10. — If the Strichartz estimate (5.28) had been proved with a 
gain of p' derivative, p' G (0, ^], then Theorem 5.9 would have held with 
p = p'm (5.31). 


6. Appendix: Paradifferential calculus and technical results 
6.1. Paradifferential operators. — 

Definition 6.1. — 1. (Littlewood-Paley decomposition) Let k G C'“(R'’*) be 
such that 

k{9) = 1 for \9\ < 1.1, k{9) = 0 for |0| > 1.9. 

Define 

i^k{d) = k{2~^9) for /c G Z, <Po = kq, and cpk = for k > 1. 

Given a temperate distribution u, we introduce 
SkU = Kk{D^)u for k eZ, 

Aqu = Squ, AkU = SkU — Sk-iu for k > 1. 

Then we have the formal dyadic partition of unity 

OO 

u = Afcit. 

A:=0 
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2. (Zygmund spaces) Let s € R and p, q G [l,oo]. The Besov space Rp q(R'^) 
is defined as the space of all the tempered distributions u satisfying 

II ll^i'“'llLP(R<^) )j=oll^'^ ^ 

When p = q = oo, Bp ^ becomes the Zygumd space denoted by Cfi 

3. (Holder spaces) For A: G N, we denote by Ty^’°°(R'^) the usual Sobolev 

spaces. For p = k + a with A: G N and a G (0,1), VK^’°°(R'^) denotes the 
space of all function u G such that all the derivatives of u are 

a-Holder continuous on R'^. 


Let us review notations and results about Bony’s paradifferential calculus (see 
[13, 27, 37]). Here we follow the presentation of Metivier in [37] (se also [3], 

[5]). 


Definition 6.2. — 1. (Symbols) Given p G [0, oo) and m G R, r™(R'’^) 
denotes the space of locally bounded functions a{x,f) on R'’^ x (R'’^ \ 0), which 
are C°° with respect to ^ for f, 0 and such that, for all a G N'’* and all f, 0, 
the function x i-A d^a{x,f^) belongs to LL^’°°(R'’*) and there exists a constant 
Ca such that, 

V|SI > 1 ||a4“<!(A)||„,.,„,R., < c„(i + 

Let a G we define the semi-norm 


( 6 . 1 ) 




(a) = sup sup 

\a\<d/2+l+p |?|>l/2 


(i + IC|)i“i-'”a“a(-,0 


lyp.oo(Rd) 


2. (Paradifferential operators) Given a symbol a, we define the paradifferential 
operator Ta by 

(6.2) Tau{C) = (27r)"'^ J xif. - 3, - p, p)fiip)u{p) dp, 

where a{9,f() = f e~^^'^a(x,^) dx is the Fourier transform of a with respect to 
the first variable; x are two fixed C°° functions such that: 

(6.3) fiip) = 0 for \p\ < fi{p) = 1 for \p\ > 

and x{^,p) is defined by x{0,p) = Y.k=o'^k-?,{0)Tk{p)- 


Remark 6.3. — We make the following remarks on the preceding definition. 
1. The cut-off X satisfies the following localization property (see [37], page 73) 
for some 0 < ei < £2 < 1 

(x{0,p) = l for ]6l| < ei(l]r/|) 

\x{9,p) = 0 for l^l > £ 2(1 + [r/D- 
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Therefore, in the definition of TaU, on the Fourier side, TaU keeps only the 
regime where u has higher frequency then a. In particular, when a = 1, we 
have Tiu = 'ijj{Dx)u, hence 

(Ti - 1) : H-°° C-°^ C^. 

2. As usual, the paraproduct TaU is defined by 

+ CX) 

TaU = '^Sk-saAkU. 
k=0 

On the Fourier side, TaU is thus given by the formula (6.2) with ijj = 1. Con¬ 
sequently 

{Ta-fa)u = fa{{l-^P{Dx))u) 

and thus using the fact that for any m > 0 (see Theorem 2.82, [10]), 

\\TaV\\ Hs+m 

we obtain 

{Ta - fa) : ^ ^ cr 

provided a G C~°°. For this reason, we do not distinguish TaU and TaU in this 
paper. 

Definition 6.4- — Let m G R. An operator T is said to be of order m if, for 
all n € a, it is bounded from to 

Symbolic calculus for paradifferential operators is summarized in the following 
theorem. 

Theorem 6.5. — (Symbolic calculus) Let m G R and p G [0, oo). 

(i) IfaGT^fR'^), then Ta is of order m. Moreover, for all p there exists 
a constant K such that 

(6.4) < KM^ia). 

(a) If a & r™(R'^), b G r™'(R'^) with p > 0. Then TaTf, — Ta^b is of order m -|- 
m' — p where 

, I “• 

l«l<p 

Moreover, for all p there exists a constant K such that 

(6.5) \\TaTb - Taib\\H,^H>^-m-m'+, < KM^{a)Mf{b) + KM^{a)Mf {b). 
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{in) Let a € r™(R'^) with p > 0. Denote by {To)* the adjoint operator of Ta 
and by a the complex conjugate of a. Then (Ta)* — Ta* is of order m — p where 


a = 




1 


|a|<p 


Moreover, for all p there exists a constant K such that 


( 6 . 6 ) 


II (Ta)* - Ta*\\H,^H,-m+, < KM^{a). 


We also need the following definition for symbols with negative regularity. 

Definition 6.6. — For m € R and p G (—oo,0), r™(R'^) denotes the space 
of distributions a{x,f,) on R'^ x (R*^ \ 0), which are C°° with respect to ^ and 
such that, for all a G and all f 0, the function x e->■ d^a{x, f) belongs to 
C'f(R'^) and there exists a constant Ca such that, 

(6.7) VlJlai ||7fa(.,0|ip. <C„(l + |{|r-l"l, 

For a G F™, we define 

(6.8) Mjf{a) = sup sup 

|a|<2(d+2)+|p| |?|>l/2 

Proposition 6.7 (see [3, Proposition 2.12]). — Let p < 0, m G R and a G 
Then the operator Ta is of order m — p: 

(6.9) \\Ta\\jjs^fjs-(m-p) < CM^{a), l|Ta||(^s_^(^s-(m-p) < CMjf{a). 

Remark 6.8. — In the definition (6.2) of paradifferential operators, the cut¬ 
off V’ removes the low frequency part of u. Therefore, estimates pertaining 
to TaU can be relaxed, for example, when a G T™ and u ^ S' such that 
Vu G we have 

||Ta'U||//o- < C'Af(|”(a)||Vtt||j:^iT + m-l. 

Notation 6.9. — Let / C R and a{z, x, ^) : I x R'^ x R*^ ^ C be a family of 
symbols parametrized by z G /. We denote 

M{a) = supM™'(p)(a(z, •, •)). 

ZGl 

The set of such a with M.{a) < oo is denoted by r™(R'^ x I). 


(l + |C|)l“l-”*9g“a(-,0 
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6.2. Paraproducts. — Given two functions a, b defined on we define the 
remainder 

(6.10) R{a, u) = au — TaU — Tua. 

We shall use frequently various estimates about paraproducts (see chapter 2 
in [10], [9] and [3]) which are recalled here. 

Theorem 6.10. — 1. Let a,/3 € R. If a + f3 > 0 then 

(6.11) ||12(a,u)||^ 

(6.12) Il«(a,n)||^ 

“+/3(Rrf) ^ ^ ll®llc?(R‘^) II'“'IIr/3(R'^) > 

(6.13) ||«(a,n)||^ 

“+'’(R<*) - ll®llc?(R<i) ll'“'llcf(R‘*) • 

2. Let So, si, S 2 be sueh that sq < S 2 and sq < si + S 2 — then 

(6.14) ||T[j'U.|| ^ K 111^11/^32 • 

If in addition to the eonditions above, si + S 2 > 0 then 

(6.15) IIftir ^ IL ||n||//sj II"^111^^2 * 

3. Let m > 0 and s € R. Then 

(6.16) ||Tatt||//s-m < K ||a||^-m ||ti||//3, 

(6.17) ||r„u|| ^S — TTL ^ K ||n||^—m ||n||^s , 

(6.18) llTaWllcj — ^ lkllL°o ll^llcj • 

Proposition 6.11. — 1. If sq,si,S2 € R satisfying si + S2 > 0, sq < si. 

So < S 2 and so < si + S 2 — |, then 

(6.19) ll'^1^2 llz/SQ ^ ll'^l II//S1 ||'Ii2||//S2 • 

2. // s > 0 then 

(6.20) \\uiU2\\h. < K{\\ui\\jj, 111X21^00 + ||xi2||//3 ||xii||/^oc). 

3. If s > 0 then 

(6.21) ||ttlU 2 ||/;s < K{\\ui\\^s ||tt 2 |lLoo + ||U2||(-3 lluillioo). 

4. Let /3 > a > 0. Then 

(6.22) ||7Xitt2||c'-c« < K ||ixi||(^^ ||tt2||(^-3. . 

5. Let s > 0 and F G C°°{C^) satisfying F(0) = 0. Then there exists a 
nondecreasing funetion T : R+ ^ R/. such that, for all U G R®(R'^)'^ PI 

^00(Rd)V^ 

(6.23) 


||F(^)||//=<.F(||[/||^^)||t/||//, 
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6. Let F G C°°{C^) satisfying F{0) = 0, s > 0, and p,r € [l,oo]. Then 
there exists a nondecreasing function F: R+ —>■ R+ such that for all 
u e n , 

(6-24) \\Fou\\b^p^^ < 

Theorem 6.12 (see [10, Theorem 2.92]). — (Paralinearization) Let r, p be 
positive real numbers and F be a C°° function on R such that F(0) = 0. 
Assume that p is not an integer. For any u G IL^(R‘^) fl Cf(R'^) u>e have 

||F(tt) — < C'(|k|lLoo(R^d)) ||'»-|lcf(R‘^) ll^llRM(Rd) • 

Remark 6.13. — In Theorem 2.92, [10], there is a restriction that p is not 
an integer. In fact, by following the proof of the same result (but qualitative) 
in Theorem 5.2.4, [37] one can check that this restriction can be dropped. 


Lemma 6.14- — Let s, r, a G R satisfy 

either r<0, s<a + r or r>0, s<a. 
Then there exists C > 0 such that 

||7atl|]Hs < C'|[a||L’'|[^^||c“- 


Proof. — We have by the definition of paraproducts (see Definition 6.1 and 
Remark 6.3), 

WTauWh < j;22«^]|5fc_3aA,n||i. <Y,2^^HSk-3a\\U^ku\\l^. 

k>0 k>0 

For small k, we have the easy estimate 

2^®^[|5fc_3a||^2||Afcn|||oo < [|o|li2]|n[]pQ,. 

k=0 


Consider the case r < 0 and s < a + r. Pick e G (0, a + r — s). For k > 4, using 
= X]j=o ^PPly ths Holder inequality to estimate (notice 
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that r < 0) 


fc-3 


Mh 


k>4: 


j=0 


< 


< 


< 


\u\\c: 


k>4 

c, ^ 2'^^^\\Aja\\l2 Y, 

k>4 j=0 j=0 

fc-3 

j=0 




fc>4 


UX fl 




Now, if r > 0 and s < a, in the second line of the preceding estimate we 
observe that the series 

j>0 k>4 

converge. This concludes the proof in the second case. □ 


6.3. Paradifferential calculus in Besov spaces. — Concerning the sym¬ 
bolic calculus in Besov spaces, we have the following results. 


Lemma 6.15 (see [48, Lemma 2.6]). — Let s,m,m' € Li, q € [l,oo] and 

pG [0,1]. 

(i) If a £ r™(R'^) then 


2^00 g—fXJg,00 \J \ / 

(ii) Ifa£ r™(R'^), b € r;j^'(R'^) then 

\\Tan - TaftlL, < CM^{a)M^'{b) + CM^{a)Mf {b). 

^oo,q ^^q,oo 

Lemma 6.16 (see [49, Lemma 2.10]). — 1. Let s G R and p,q € [l,c)o]. 
Then for any a > 0 we have 

(6.25) \\Tau\\Bs^^^ < iLmin (||a||Loc]|ri||5._^, ]|a||^-<T]|ri||^s+a)- 
2. Let s > 0 and p,q £ [1, oo]. The for any <7 G R, we have 

(6.26) ||R(a,'u)[|Bs^^ < iL||a[|c-[kllij;--- 


To deal with time-dependent distributions, we use the Chemin-Lerner spaces 
defined as follows (see Chapter 2, [10]). 
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Definition 6.17. — For T > 0, s G R, andp,q,r € [l,oo], we set 

(6.27) ll“llL‘J([0,r];S=_^) II ll^i^llL9([0,T];LP(R‘^)) 

Again, when p = r = oo, we denote L'^([0, T]; R®,.) = L'^([0, T]; C®). Notice 
that ||■W'|l 2 ;oo('/.c'|) = II^IIl°°(7';C®)• 

The next lemma then follows easily from the proof Lemma 6.15. 

Lemma 6.18 (see [48, Lemma 2.6]). — Let s,m,m' € R, p,g G [l;C)o], p G 
[0,1] and I = [0, Tj. 

(i) If a {I X R'^) then 

ll^“IIZp(/;Bg„_^)^LP(/;BS^,17) - ^'-^0 (®)' 

(n) Ifae r^{I X R"*), b G X R"*) then 


\TaTb-Tab\\-, 


< CM^(a)M^ (b)+CM^(a)M;^ (b). 


'Lr(7;S^,,)-^LP(7;Sj7.r 
Finally, the following lemma is a direct consequence of Lemma 6.25. 

Lemma 6.19 (see [49, Lemmas 2.17, 218]). — Let I = [0,T]. 

1. Let s G R and q, qi,q 2 , r G [1, oo] with ^ ^ Then for any a > 0 we 

have 

(6.28) 

ll^a“IIZ'i(/;Bg^ ,,) — Kvam. (||a|l2;9i(7;Loo)||tt|l2;92(/;Bs^^^)) II®IIZ'2 i(7;CG‘^)II'“IIZ'?2(/;B^_^))- 

2. Let s > 0 and q, qi, q 2 ,r G [1, oo] with | ^ Then for any cr G R we 

have 

(6.29) ll-^(®’'“')IIZ‘j(/;Bg^ —-^II®IIzw(/;CG‘^)II^IIZ'?2(/;B^^^)- 

6.4. Parabolic regularity. — Define the following interpolation spaces 

X^(J) = C°(/;R'^(R'^)) nL2(J;ZZ^+i(R‘^)), 

Y^^{J) = L^(/;R^(R'^)) +L2(J;R/^-i(R'^)). 

Theorem 6.20 (see [3, Proposition 2.18]). — Let p G (0,1), J = [ 2 : 0 , ^i] C 
R, p G rp(R'^ X J), g G rQ(R'^ X J) with the assumption that 

Rep{z-,x,^) > c]C|, 

for some eonstant c > 0. Assume that w solves 

d^W + TpW = TqW + f, w\^=zq=WQ. 

Then for any r G R, if f € Y^{J) and wq G , we have w G X^{J) and 


(6.30) 
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II^IIa'’'(J) — I + ll/lly’-(j)| • 

for some constant K = K{Aip{p), A4Q{q), c~^) nondecreasing in each argu¬ 
ment. 


Theorem 6.21 (see [48, Proposition 3.1]). — Let r G R,^ G [1, oo] and 1 < 
q < p < oo. Let p G (0,1), J = [.zoj^i] C R, a G rp(R'^ x J) with the 
assumption that 

Rea{z;x,^) > c|^|, 

for some constant c > 0. Assume that w solves 

dzW + TaW = F, = Wq. 

If 

~ ~ r-e- 

and there exists 5 > 0 such that w G LF{J, Cf^), then we have w G LP{J, f ) 

and 


IkIL .+1 < k { IIw^oIIs- + lli^ll 

LnLB^I) 




}■ 


for some constant K = K{A4p(a), c ^) nondecreasing in each argument. When 
p = oo, the left-hand side can he replaced by 


Finally, we recall a classical interpolation lemma. 

Lemma 6.22 (see [36, th 3.1]). — Let I = (—1,0) and s G R. 
u G L^(/, (R'^)) such that d^u G Li^^I, . Then u 

CO([-l,0],R®(R'' )) and there exists an absolute constant C > 0 such that 


Let 

G 
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